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Summary
A Reaction Matrix (R-matrix) method is used to investigate wave propagation through locally per-
turbed acoustic waveguide. A coupling matrix is introduced to describe the coupling between the
discrete modes via the semi-infinite ducts. Two cases are considered: a waveguide coupled with cav-
ity, and with impedance wall. In both cases, Fano resonances and trapped modes are all observed
at some specific geometry parameter values and particular frequencies. Matrix Heff is developed to
locate the positions and widths of the resonances of the open system. By varying a parameter contin-
uously, avoided crossings of the resonances in the complex plane are always observed. Because of the
interference of two neighbor resonances via the duct, the width of one of the resonances will almost
vanish, resulting in the strong localization of the pressure field in the waveguide. More importantly,
the R-matrix method also allows an easy treatment of the non-separable problem along transverse
and axial directions. This method is also applied to a lined wall with varying impedance along the
axis. The effects of the Fano resonances and trapped modes on the transmission and reflection coeffi-
cients are analyzed. By tracing the motions of the eigenvalues of the matrix Heff , the Fano line-shape
transmission coefficients can be well predicted at some particular frequency.

PACS no. 43.20.Mv, 43.20.Ks

1. Introduction

Resonance is a universal characteristic in many dif-
ferent physical systems. Many investigations have
been done to use the coupling of the local reso-
nance to get extraordinary phenomenas, for example
metamaterials[1, 2, 3, 4]. Porous materials including
periodic subwavelength resonators have also been pro-
posed to try to gain an additional absorption peak
below the λ/4 resonance[5]. Recently, S. Hein et al.[6]
used the finite-element method to numerically com-
pute the acoustic resonances in 2D acoustical duct-
cavity systems. They concluded that the embedded
trapped modes occur only for very particular geome-
try parameters and frequencies. One kind of trapped
mode is due to the destructive interference between
two resonant modes via a common continuum. Com-
paring to the work of S. Hein et al. and Duan[7], in-
stead of computing the resonances of the open system
directly, we developed a coupling matrix to describe
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the coupling between the resonances of the cavity and
the environment.

Due to the interaction of the trapped modes with
the incoming propagating modes, Fano resonances
show up in the transmission spectrum. It was first
suggested by Ugo Fano[8] for the description of au-
toionizing atomic states. In contrast to a Lorentzian
resonance, the Fano resonance exhibits a distinctly
asymmetric shape. Joe et al.[9] provided a novel in-
sight into Fano resonance physics by simply using
two weakly coupled harmonic oscillators, where one
of them was driven by a periodic force.

In this paper, we use an efficient method, Reaction
matrix method (R-matrix)[10], to study wave propa-
gation through locally perturbed acoustic waveguide.
The R-matrix method has one important advantage:
it can treat easily the non-separable problem along
transverse and axial directions. The R-matrix formu-
lation was developed by Wigner and Eisenbud [10]
in scattering processes in nuclear physics in the late
1940s. Recently, it was extended by Racec et al[11]
to investigate the scattering phenomena in cylindri-
cal nanowire heterostructures. The basic idea of this
method is similar to the Multimodal method[12, 13].
For the Multimodal method, the wave function is pro-
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jected in terms of a convenient transverse complete
basis. However, the R-matrix method decomposes the
duct into a reaction region (cavity or acoustic liner in
this paper), and an asymptotic scattering region (two
semi-infinite rigid leads). The wave function in the
reaction region is expanded in terms of any conve-
nient complete set of modes of a closed cavity with
convenient boundary conditions. Using the continuity
conditions of the pressure and the normal particle ve-
locity at the interfaces between the regions, the scat-
tering matrix is expressed in terms of the R-matrix.
Using the scattering matrix, we can derive the matrix
Heff of the open system, from which we can analyze
the coupling of the resonances.

2. Problem formulation

In this section, we study the sound wave propagation
in a two-dimensional (2D) locally perturbed waveg-
uide of height h∗. Two configurations are considered,
as illustrated in Fig.1. For configuration (A), a single
cavity of depth b and length a is located in an infi-
nite uniform duct of height h, with rigid boundary
conditions on the walls. For configuration (B), it is an
acoustic duct treated with a liner of length a and with
a varying admitttance.

(A)

(B)
Figure 1. Two configurations are studied. (A) Acoustical
duct-cavity system. (B) Acoustic duct lined with liner.

2.1. Scattering formalism

The sound pressure p(x, y) satisfies the equation,
Eq.(1), in the 2D-Cartesian coordinates (x, y), non-
dimensionalised with the duct height h∗. Here, and in
the following, the asterisk marks dimensional quanti-
ties (the time dependence e−jω

∗t∗ will be omitted in
the following).

∂2p(x, y)

∂x2
+
∂2p(x, y)

∂y2
+K2p(x, y) = 0, (1)

with K = (ω∗/c∗0)h∗ is the dimensionless frequency,
c∗0 the sound speed, and ω∗ the circular frequency. In
the following, all quantities are non-dimensionalized:
lengths with the waveguide height h∗(h = 1 in the
following), velocities with sound speed c∗0, densities
with the ambient density ρ∗0, and pressures with ρ∗0c∗0

2.
The sound pressures in different regions are piece-

wise solved. For the two semi-infinite uniform ducts,
the pressure field is developed on a basis of duct
modes. We assume that there is only one duct mode
m incident from the left side of the waveguide. For
the left duct (x < 0), the sound pressure is written as
a sum of the incident and reflected modes, and only
transmitted modes for the right duct (x > a):

pm(x, y) =
ejKmxφm(y) +

∞∑
m′=0

Rm′,me
−jKm′xφm′(y)

∞∑
m′=0

Tm′,me
jKm′ (x−a)φm′(y),

(2)

where K2
m = K2−α2

m, <{Km} > 0,={Km} > 0, and
(αm, φm) are the eigenvalues and the eigenfunctions
of the transverse eigenproblem of the uniform duct
with Neumann boundary conditions.

Here, R and T are matrices linking incoming and
outgoing wave components. They are also used to de-
fine the scattering matrix S, as written in Eq.(3),

S =

[
R t

T r

]
. (3)

Matrices R and T (respectively, r and t) correspond
to wave incident from the left (respectively, from the
right).

2.2. Reaction matrix formalism

The sound pressure in the reaction region is expressed
in terms of the eigenmodes ψl(x, y) of a closed cavity
of length a and width d (d = h+ b for (A), and d = h
for (B))

pm(x, y) =

∞∑
n=1

amnψn(x, y). (4)

where ψn(x, y) satisfies the following Helmholtz equa-
tion,

∆ψn(x, y) + γ2nψn(x, y) = 0. (5)

The eigenvalues γn of a single closed rectangular cav-
ity with rigid boundary conditions at the walls are
specified by two integers (µ, ν),

γn =

√(µπ
a

)2
+
(νπ
d

)2
, (6)
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where n is an integer index referring to the cou-
ple (µ, ν) of the axial and transverse indexes,
with n = 1, 2, 3, · · · , correspond to (µ, ν) =
(0, 0), (0, 1), (0, 2), · · · , (1, 0), (1, 1), (1, 2), · · · . For the
computation of configuration (B), the eigenfunctions
of the closed lined cavity are projected on the basis of
the eigenfunctions ψn(x, y).

Multiplying Eq.(1) by ψn(x, y), Eq.(5) by pm(x, y),
taking the difference of the two resulting equations,
integrating over [0, a]× [−b, h] ([0, a]× [0, h] for (B)),
and applying the Green’s theorem, with the boundary
conditions of ψn, for configuration (A), we obtain

~amKN =

∫ h

0

{
∂pm
∂x

~ψ

∣∣∣∣x=0

x=a

}
dy, (7)

where ~am = (am1, am2, am3, · · · amn, · · · ), ~ψ =
(ψ1, ψ2, ψ3, · · · , ψn, · · · ). And KN is a diagonal matrix
with elements Kn = K2 − γ2n.

For the configuration (B), with normalized admit-
tance Y (x) on the wall (y = 0, 0 < x < a), the third
kind of boundary condition has to be used, which is
written as

∂p(x, y)

∂y

∣∣∣∣
y=0

= −jKY (x) · p(x, 0). (8)

Then we can have

~am(KN + jKM) =

∫ h

0

 ∂p
(s)
m

∂x
~ψ

∣∣∣∣∣
x=0

x=a

 dy, (9)

with

(M)n′,n =

∫ a

0

Y (x)ψn′(x, 0)ψn(x, 0)dx,

is the coupling matrix induced by the impedance.
To construct the scattering matrix S, the continuity

conditions of the pressure and the normal velocity at
the interfaces, x = 0 and a, are used. By Eq.(2), the
first derivative along x of the pressure at the interfaces
can be obtained. Substituting in the right side of the
Eqs.(7)(9), writing them in a matrix form, results in

AD = j(I− ST)KM R1. (10)

where A is a 2M × N matrix, the first M rows cor-
respond to the wave incident from the left side, and
the remainings from the right side. M is the trun-
cated number of the transverse modes in the ducts,
and N is the truncated number of the eigenmodes ψn.
D = KN for (A), and D = KN + jKM for (B). I refers
to the identity matrix. ’T’ indicates the transposition.

KM a diagonal matrix with elements Km, and R1 is a
2M ×N matrix, in which the elements are

R1 =



∫ h
0
φ1(y′)ψ1 (0, y′) dy′

...∫ h
0
φM (y′)ψN (0, y′) dy′∫ h

0
φ1(y′)ψ1 (a, y′) dy′

...∫ h
0
φM (y′)ψN (a, y′) dy′


. (11)

By the continuity condition of the pressure at the
interfaces x = 0, a, we have

ST =
{
I− 2 [I + jKMR]

−1
}
, (12)

where R = R1D
−1RT

1 . Matrix R1 describe the coupling
between the discrete modes of the closed cavity and
the transverse modes of the ducts.

2.3. Matrix Heff

After embedding the system into the ducts, the
discrete modes of the closed system turn over
in complex resonances. A non-Hermitian effective
Hamiltonian[14] operator Heff is derived here to com-
pute the resonances of the open system. To do that,
the relation between the eigenvalues of Heff and the
poles of S matrix is first constructed. By Eq.(12) and
Eq.(A14) in [14], the scattering matrix of the open
cavity is rewritten as

S = −I + 2jR1
1

K2I− Heff
RT

1 KM, (13)

where

Heff = Hin − jRT
1 KMR1 (14)

describes the system embedded into the waveguide.
Hin is the matrix for the closed cavity. For (A), it’s a
diagonal matrix with elements γ2n. For (B), it contains
additional internal coupling effects, jKM, from the
admittance.

The eigenvaluesK2
λ and eigenfunctions Ψ of Heff are

obtained by solving the following equation

HeffΨ = K2
λΨ. (15)

From Eq.(13), the poles of the S matrix are de-
termined by the eigenvalues K2

λ of Heff after solving
the fixed-point equations Eq.(16). The eigenvaluesK2

λ

provide not only the frequencies KR of the resonances
but also their widths ΓR,

KR = Re{Kλ}K=KR
,

ΓR = 2 · |Im{Kλ}|K=KR
.

(16)
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3. RESULTS

For the sake of simplicity, the incident frequency is
chosen under the first cut-off frequency in the ducts,
i.e. 0 < K < π/h.

3.1. Acoustical duct-cavity system

The acoustical duct-cavity system, as shown in con-
figuration (A), is considered first. Before we discuss
the numerical solutions of the open cavity, we review
the corresponding closed cavity with vanishing normal
velocity conditions towards the interfaces. The eigen-
values of the closed cavity with rigid boundary con-
ditions can be computed analytically. For this closed
cavity, the eigenvalues γn of some modes get cross
when the length a is varied, i.e. the eigenvalues are
equal. For example, for the modes (µ, ν) = (0, 1) and
(2, 0), Eq.(6) yields the crossing point a/h = 4 and
b/h = 1. However once the closed system is opened by
attaching to the ducts, the resonances of the open sys-
tem are generally complex valued. Matrix Heff is used
to describe the coupling of the modes of the closed
system via the ducts.

3.5 4 4.5 5 5.5
1.2

1.6

2
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(a)
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0
(b)(0,1)
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−
Γ
R
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2

3.5 4 4.5 5 5.5
1.2
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2.2

a/h

K
R

(c)
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3.5 4 4.5 5 5.5
−0.4

−0.3

−0.2

−0.1

0
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(2,0)

a/h

−
Γ
R
/
2

Figure 2. (Color online) Solid line: real part (a)(c) and
imaginary part (b)(d) of the resonances (0, 1) and (2, 0)
as a function of length a/h for different values of b/h by
solving fixed-point equation, (a)(b)b/h = 0.95 and (c)(d)
b/h = 1.05. Circle: the motions of eigenvalues Kλ of Heff

with K = 1.59.

In Fig.2, solid lines show the motions of the modes
(0,1) and (2,0) as a function of a/h with different val-
ues of b/h. The motions of eigenvalues Kλ of Heff by
taking K = 1.59 are shown by circles. Two types of
avoided crossings are observed for both the resonances
andKλ. In Figs.2(a)(b), when b/h = 0.95, crossing for
the real and avoided crossing for the imaginary parts
are found. Inversely, avoided crossing for the real and
crossing for the imaginary parts, when b/h = 1.05,

are shown in Figs.2(c)(d) . The figures show that the
accidental degeneracy of the closed cavity discussed
previously shows avoided crossing in the open system.
In Figs.2(b)(d), due to the coupling of the resonances
via the ducts, the imaginary of one resonance starts
to increase and approach to "0", while the other one
decreases. This effect results in a trapped mode.

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

K

|T
|

1.555 1.56 1.565
0

0.5

1

Figure 3. (Color online) Upper: Transmission coefficients
as a function of frequency K with a/h = 4, b/h = 1.05.
Bottom: Absolute value of the pressure field in the waveg-
uide when |T | = 0.

When the trapped modes of the system are deter-
mined, we know where to look for Fano resonances.
In Fig.3, the transmission coefficients |T | as a func-
tion of the incident frequency K for a incoming plane
mode with a/h = 4 and b/h = 1.05 are shown, where
the resonance width illustrated by "

⊕
" in Fig.2(d) is

almost vanished. Due to the interaction of the incom-
ing propagating duct mode and the trapped mode, the
results exhibit the typical Fano resonance with anti-
symmetric line-shape profile (as shown in the inset)
near the trapped mode frequency. The transmission
coefficient |T | first reaches ’1’ and then decreases to
’0’ sharply. Smaller the width of the trapped mode
is, sharper and faster the coefficients change. The ab-
solute value of the pressure field distribution in the
system when the transmission is zero is also shown
in Fig.3. We see that the pressure field in the cavity
is much more higher than in the ducts, who shares
the same pressure profile as the trapped mode, also
shown in Fig.7(a) by Hein and Koch et al.[6]. The
eigenfunction of the trapped mode is a strong mixing
of eigenfunctions of modes (0,1) and (2,0) .

3.2. Acoustic duct lined with impedance

For configuration (B), we consider a typical acoustic
liner. The impedance is written in a normalized way

Z(K) = Re+ 1/ [−jtan(Kdl)] , (17)
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where dl is the depth of the liner, Re is the resistance.
The admittance is defined by Y (K) = 1/Z(K). For
simplicity, uniform impedance Z without any loss, i.e.
dl is independent of the axial coordinate and Re =
0, is considered first. In our studies, we set a/h =
4,M = 30, N = 30 × 30. When the lined cavity is
closed, the eigenvalues are purely real or imaginary
valued. The index to label the modes of the closed
lined cavity follows the index (µ, ν) of closed rigid
cavity (0, a) × (0, h) when Y = 0. With varying dl,
some modes get cross. However, for the open system,
the resonances are complex valued. Fig.4(a) showsKλ

as a function of dl, two types of avoided crossings for
the modes who have the same parity in x-direction
are observed again.
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λ
)
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1|T |
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(d)

1 − |R|2 − |T |2

Figure 4. (Color online) Results for uniform liner with
length a = 4. (a) Motions of Re(Kλ) as a function of dl,
with K = 1.921. (b) Motions of the eigenvalues of modes
(0, 1) and (10, 0) in the complex plane. (c) Transmission
and reflection coefficients as a function ofK when dl = 0.7.
(d) Absorption is also shown by dashed line with Re =
10−5. (e) The absolute value of pressure field distribution
in the reaction region when |T | = 0.

The interference behaviors of the modes marked by
the circle are shown in Fig.4(b). A repulsion between
the two modes is observed. After the repulsion, the
imaginary part of mode (0, 1) approaches to "0" dl =
0.7. However, the imaginary part of the other mode
(10, 0) moves away from the real axis. The inset in
Fig.4(b) is the zoom of the mode (0, 1) in the complex
plane. The resonances KR − iΓR/2 of the system is
also shown in Fig.4(b) by ’+’ by solving the fixed-
point equation Eq.(16). By the comparison of the two
results in the inset, we can see that, by taking K ≈
KR, Kλ can be used to well present the resonance

(0,1), as well as the condition for the trapped mode,
i.e. the depth of the liner here. The effects on the
wave propagation of the interference between the two
resonances is illustrated by plotting the transmission
and reflection coefficients in Fig.4(c), with dl = 0.7.
A typical Fano line shape is observed again. With the
consideration of dissipation, the results are shown in
Fig.4(d), an absorption (dashed line) peak is observed
near the Fano resonance. The absolute value of the
pressure field in the waveguide, when the transmission
is zero, is shown in Fig.4(e). A strong field localization
is exhibited in the lined part, it’s a combination of the
eigenfunctions of the two modes (10,0) and (0,1).

Figure 5. Schematic illustration of the non-uniform liner,
the depth of the liner dl(x) is a linear function of the x-
axis.

By Eq.(9) and matrix M, matrix Heff is used to
consider duct lined with non-uniform impedance. As
shown in Fig.5, x = c is the position of the largest
depth dlmax, and then the depth decreases lineally to
zero at x = 0 and x = a. In this paper c = a/2 is
set. Chebyshev spectral method[15] is used to calcu-
late the integration of matrix M. Because of the non-
uniformity of the liner in the x-direction, it induces
the internal coupling of the modes in the closed lined
cavity, resulting in the repulsions of the real parts of
the eigenvalues of Hin with varying dlmax.

When the nonuniform liner is coupled to the waveg-
uide, the Heff is used to describe the open system. The
motions of the real parts of some eigenvalues as a
function of dlmax are shown in Fig.6(a). Crossing and
avoided crossing are observed. The same as uniform
liner, some modes decrease fast with increasing dlmax.
However, the difference is that some of them get close
to each other. It is because of the internal coupling
of the modes introduced by the non-uniformity of the
liner in the x-direction. When two neighbour modes
of them meet with one mode (µ, 1), only one mode in-
terferes with (µ, 1). The same as uniform liner, there
are some modes decrease gradually with increasing
dl. One of them is plotted in the complex plane, see
Fig.6(b). Three obvious repulsions are observed, la-
belled by "1,2,3" in the figure. After each repulsion,
an almost vanishing width is always following. The
three repulsions are corresponding to the crossings in
the real parts in figure (a). Figure (c) shows the trans-
mission and reflection coefficients when dlmax = 1.14
is taken, which is corresponding to the ” ∗ ” in (b).
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Fano anti-resonance and resonance is observed again.
With the consideration of dissipation, the results are
shown in (d), there is an absorption peak near the
Fano resonance. The pressure field when the trans-
mission is zero is shown in Fig.6(e).
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Figure 6. (Color online) Results for nonuniform liner, (a)
Motions of the real part of the eigenvalues with varying
dlmax, with K = 1.921. (b) Motions of mode indicated on
the left by arrow in the complex plane. (c) Transmission
and reflection coefficients corresponding to the "∗" in the
middle figure where dlmax = 1.14. (d) Absorption is also
shown by dashed line with Re = 10−5. (e)The absolute
value of pressure field distribution in the reaction region
when |T | = 0.

4. CONCLUSIONS

In summary, by R-matrix method, we have investi-
gated the wave propagation in the waveguide that
contains a cavity and an impedance wall. Matrix
Heff is derived to analyze the couplings behaviors of
the resonances. By varying a parameter continuously,
avoided crossing or crossing for the real and imaginary
parts are observed. Before or after the avoided cross-
ing, one resonance can have almost vanished width,
which results in the trapped modes. Due to the inter-
ference of the trapped and the incoming propagating
mode, Fano antisymmetric line-shape is exhibited in
the transmission spectrum. With the consideration of
the dissipation in the liner, absorption peak is found
near the Fano resonances.
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