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Summary

The reproduction accuracy of sound field synthesis techniques, like e.g. Wave Field Synthesis (WFS)
or near field compensated Higher-Order Ambisonics, is limited due to practical aspects. For the au-
dible frequency range the desired sound field can not be synthesized aliasing-free over an extended
listening area, which is surrounded by a discrete ensemble of individually driven loudspeakers. How-
ever, it is suitable for certain applications to increase reproduction accuracy inside a smaller (local)
listening region while stronger artifacts outside are permitted. A local Wave Field Synthesis method
utilizes focused sources as a distribution of virtual loudspeakers which are placed more densely around
the local listening area. These virtual loudspeakers are then driven by conventional WFS techniques.
This paper establishes an analytical framework to analyze the physical properties of local WFS for

circular loudspeaker arrays.

PACS no. 43.60.+d, 43.20.+g

1. Introduction

Wave Field Synthesis (WFS) and Higher-Order
Ambisonics (HOA) are two well known examples of
Sound Field Synthesis (SFS) techniques. They syn-
thesize a desired acoustic scenario within an extended
listening area. In theory, WFS uses a continuous dis-
tribution of acoustic sources in order to reproduce a
virtual wave field. A limited number (up to hundreds)
of individually driven loudspeakers placed at discrete
positions around the listening area realizes this distri-
bution in practical implementations. Spatial aliasing
artifacts occur due to the finite spatial resolution of
this discretization. This limits the synthesis’ accuracy
especially for higher frequencies. An accurate synthe-
sis within the extended area is not possible with cur-
rent WFS setups for the full audible frequency range
up to 20 kHz.

For application scenarios, where the listeners’ posi-
tion is further restricted to a smaller region of interest,
local sound field synthesis (LSFS) techniques are use-
ful. They aim at a more accurate synthesis within a
(local) area which is smaller than the entire area sur-
rounded by the loudspeaker array. This accuracy im-
provement comes at the cost of stronger artifacts out-
side the local listening area. Among other approaches
[1, 2, 3] for LSFS, a technique [4] has been proposed
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which utilizes focused sources as virtual loudspeakers
surrounding the local listening area. Analogue to con-
ventional SFS these virtual loudspeakers are driven
by a suitable SF'S technique in order to reproduce the
desired wave field within the local listening area. The
SFS driven focused sources are then realized by the
real loudspeaker setup. It has been shown in [4], that
Wave Field Synthesis is a computationally efficient
tool for implementing this LSFS technique.

This paper analyzes the LWFS approach with re-
spect to physical properties for circular loudspeaker
arrays. It focuses on the artifacts introduced by spa-
tial sampling of the real and the virtual loudspeaker
distributions. First, a short overview on the basic the-
ory of WFS and focused sources for arbitrary array
geometries is given in Sec. 2. An analytical frame-
work based on this theory is established for LWFS.
Secondly, the effects of spatial sampling are investi-
gated by using spatio-spectral representations of the
involved functions.

2. Basic Theory

2.1. Wave Field Synthesis

WEFS is based on the Helmholtz Integral Equation
(HIE) [5], which states the solution of the homogenous
wave equation for a bounded region V) with respect to
inhomogeneous boundary conditions imposed on 9Vj.
A loudspeaker setup, which is placed on the boundary
0Vp, can be regarded as an inhomogeneous boundary
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condition.

For the application of sound field synthesis it is de-
sired to reproduce the sound field S (x) of a virtual
source situated outside the listening area Vj (see Fig.
1). The HIE states that a distribution of secondary
monopole and dipole sources on the boundary 9V} has
to be respectively driven by the directional gradient
and pressure of the sound field of the virtual source in
order to achieve reproduction inside Vj. In this case,
the sound field P (x) inside the listening area coincides
with the desired sound field S (x). While the theory of
WEF'S states the exact solution of the HIE for infinite
planar secondary source distributions, it introduces a
number of reasonable approximations to circumvent
the necessity of secondary dipole sources for arbitrar-
ily shaped boundaries. The synthesized sound field is
given by

P(x) = D (x0) Go (x —%¢) dAo , (1)

oV

where a position on the boundary 0V is denoted by
xg € 0Vy. The dependency on the angular frequency
w = 27 f is omitted in nomenclature for the whole pa-
per. The free-field Green’s function G (x — Xg) char-
acterizes the sound field emitted by a secondary spher-
ical monopole source located at xo. D (xg) describes
the driving function for the secondary sources and
dA( a suitably chosen boundary element for integra-
tion. The WFS driving function is given as

0

D (x0) = —2a (xo) 7y ) (2)
where the directional gradient % is defined as scalar
product of the boundary’s inward normal vector ng
and the gradient VS (x) evaluated at x = xo. The sec-
ondary source selection criterion a (xg) ensures that
only those secondary sources are active where the
propagation direction of the virtual source S (x) at
the position xg has a positive component in direction
of the normal vector ng.

2.2. Local Wave Field Synthesis

The basic concept of LWFS is to utilize a set of fo-
cused sources as a so called virtual secondary source
distribution, which has to be driven like a real loud-
speaker setup. The virtual secondary sources are dis-
tributed on the boundary 9V, of the local listening
area V; C Vp (see Fig. 2). The driving signal for the
virtual secondary sources is derived by migrating the
equations (1) and (2) of the WFS approach (see Sec.
2.1) to the geometry of the local listening area. This
domain denoted by the index "I" is referred as the
local domain, while the loudspeaker domain (index 0)
describes the physically existing secondary source ge-
ometry. The driving signal then reads

Dy (x1) = —2a1 (x1) a%s%x) , 3)
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Figure 1: The desired sound field S (x) can only be repro-
duced correctly inside the listening area V; (yellow shade).
The active (dark shaded) loudspeakers are selected via the
secondary source selection criterion a (xo).

virtual source

5(x)

Figure 2: In Local Wave Field Synthesis the desired sound
field S (x) is only reproduced inside the local listening area
Vi (yellow shade) with the virtual secondary source distri-
bution (dots) on its boundary V. Active (virtual) sec-
ondary sources are shaded dark.

(&70]
no

X0

Figure 3: Concentric, circular loudspeaker for LWF'S. The
symbol in the upper left corner sketches a plane wave ar-
riving from at the angle apw as the desired sound field.
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Table I: The left column lists functions involved in the circular reproduction scenario described in Sec. 3. The vth-order
Hankel functions of first and second kind [6, 8.405] are respectively denoted by HY (-) and HP (). The rectangular

function rect(z) [7, p. 201-204] equals unity for |z| < 1/2 and zero otherwise. The auxiliary variable ar = arccos (%) is

introduced for ease of illustration. The coefficients of the respective circular Fourier series are given in the right column.
The cardinal sine function is defined as sinc(z) := sin(x)/x.

<, . o 1 (™ .
— Jro _ - —jra
F(x) = M;QQF(V, r)e F(v,r)= e F(x)e da [5, (1.25)]
Cxo) = I H® (Y — . _ (v @) (W) g-iveo
Go (x = o) = —% H{ (C Ix x0|> [5, (8.51)] Go (vyr) = =1, (CRO) HS (Cr) eV [5, (8.53)]
ags (xo — x;) =rect (a(; ;:z) ags (v) = CM?RsinC (vag)e
9 Grixo—x) =30 g (Y, - ) =19y (Y (W7 (9 R Y gmives
ORy Go (xo —x1) = 4 ORy Ho (c Ixo Xl') 8, (4)] Go (v) = 411 c v (c Rl) Hy (c RO) ¢
o Qp — Opw o _ L ™ —jvapw
, a (x1) = re;t (77T ) [9, (14)] a (v) = 5sine (UQ) e Mvar
v - Y j%Rl cos(ap—apw) &1 _ -ug / g —jrapw _
om S () = 5pe [9, (14)] §w =2, (CR,) e [6, (8.511-4)]
while the reproduced local sound field is given as 3. Circular Loudspeaker Array
P(x) = Dy (x1) Go (x — x;) dA, (4) Typlcal 1mplementatlor.18 of WEFES sys-tems are re-
v, stricted to the reproduction in the horizontal plane

o ' ) [4]. Modeling each loudspeaker as a monopole point
for x; € 9V;. The principle of acoustic focusing by source is referred to as 2.5D WFS. The following cal-

time reversal /phase conjugation [10] allows for the re- culus is however simplified to a two-dimensional sce-

alization of the free field Green’s function Go (x — x;) nario utilizing secondary line sources. The effects of

as a focused source. The reproduced sound field spatial aliasing on 2.5D setups can be inferred from
the 2D case [11].

Go (x —x;) ~ Dy (%0 — x1) Go (x — x¢) dAp. An exemplary situation for a circular loudspeaker

Vo array is illustrated in Fig. 3. All coordinates are de-

(5) fined within a polar coordinate system with the az-

creates the impression of a monopole source at the
focus point x; using the secondary sources located at
xg € OVy. The according driving function for the sec-
ondary sources is given as

imuth angle o and the radial distance r, e.g. x =
[ 7]T . The center of the circular loudspeaker array is
located at the origin of the coordinate system and its
radius is denoted by Ry. The virtual secondary source
distribution is placed concentric to the loudspeakers

0
Dgs (xg — x1) = —2ags (x0 — %) BTGS (x—x), with the radius R;. In this paper we investigate physi-
0 cal properties of LWF'S with respect to a virtual plane
(6)
where G+ (x — x;) symbolizes the conjugate complex wave cw
. 0 , ¢ S (X) — % rcos(a—apw) (10)
(time reversed) free field Green’s function. The sec- ’
ondary source selection criteria for a focused source emerging from an angle oy as the desired sound field.
located at x; is given as The speed of sound is denoted by c. For the given
geometry, the reproduced wave field (8) specializes to
o ) = 1, ifn](xo—x;) <0 7) 2
ags (X0 )= 0 , otherwise. P (X) = o DO (Xo) GO (X - Xo) RO dOZO 5 (].1)
After inserting (5) into (4) and rearranging the inte- where ¥ = loyr]" _With o< R, and xo =
grals’ order the reproduced sound field is expressed [ao, Ro]" . The two-dimensional  free-field Green’s
by function G (x —x¢) (see Tab. I) describes the wave
field of the loudspeakers for two-dimensional repro-
P(x) = ; Dy (x0) Go (x — x0) dAo, (8) duction. The secondary sources’ driving function (9)
Vo is given by the spatial convolution integral
while the LWFS driving function for the secondary o
sources is given as Dy (x0) = Dy (x7) Dy (x0 — x7) Rydag,  (12)
0
Dy (x¢) = Dy (x;) Dy, (x0 — x;) dA;. (9) where x; = [ay, Rj]T with R; < Ry. The concentric
Vv, circular setup simplifies the directional gradients 8%10
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Figure 4: The upper part of the block diagram illustrates the eqs. (11) and (12). The effects of spatial sampling (Aa;, Aao)
are highlighted in Sec. 3.2. The spatial Fourier transform of each system component with respect to the a-coordinate is
depicted in the lower part of the figure. The symbol % denotes a convolution with respect to the specified variable.

and 6%” to the partial derivative —%, evaluated at

the respective radii Ry and R;. Hence, the driving
functions involved in the right-hand side of (12) are
given as

0
Dy (x0 — x1) = 2 ags (X0 — X7) TROGS (%0 —x7) ,
(13)
and
Dy (x;) =2a;(x;) TRIS (x1) (14)

by accordingly migrating (6) and (3). The left column
of Table I lists all involved functions.

3.1. Spatio-temporal Frequency Representa-
tion

The reproduced sound field is given, accordingly to
eq. (11) and (12), as two cyclic convolutions along the
angular coordinate a.. This is illustrated by a block di-
agram (see Fig. 4). The 2m-periodicity of the involved
functions allows for computation of the respective an-
gular Fourier series, which are listed in the right col-
umn of Tab. I. Applying the convolution [5, (1.28)]
and the multiplication [12, (D.3)] theorems of the
Fourier series yields the spectrum of the reproduced
sound field

P (v,7) =27Ry ﬁo (v) (9}0 (v, 1) (15)

with the spectrum of the secondary sources’ driving
function

o

Dy (v) =27R;

(2 ts () 0 G (V)) (2 & () % S (u))

Dr(v) Di(v)

(16)
The driving functions and the free field Green’s func-
tion are plotted in Fig. 5a-d for an exemplary re-
production setup. The energy of the LWFS driving

function (Fig. 5¢) is concentrated on less coefficients
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compared to the traditonal WFS driving function
Dwrs (v) (Fig. 5e). Kennedy et al. [13] proved that
the number of non-zero Fourier coefficients M needed
for the reproduction of a monochromatic soundfield
inside a circular area is depending on its radius. For
given upper bound € of the mean square error between

the reproduced and the desired soundfield [13, (36)]

Jofin(). o

where [-] denotes the ceiling operator. The white lines
in Fig. 5¢ and Fig. 5e show M (w) for a tolerance of
€ = 107°. The radii of listening areas R; and Ry have
been inserted into (17) for the respective reproduc-
tion method. A comparison of the bounds with the
respective spectra reveals, that the energy concentra-
tion in LWF'S is a result of spatial bandlimitation, i.e.
a smaller listening area. This has further impact on
the aliasing properties of LWFS, which will be dis-
cussed in the next section.

1
—In

2

0.0093

€

eR{OJ}
2c

M) = |

3.2. Spatial Sampling

For practical reproduction setups circular loud-
speaker arrays consist of an finite number Ny of loud-
speakers (see loudspeaker symbols in Fig. 3). Also the
number of virtual secondary sources N, has to be finite
due to limited computational resources (see bullets
in Fig. 3). It has already been outlined by Start [15,
p. 73-79] that the discretization of the (virtual) sec-
ondary source distribution can be interpreted as a spa-
tial sampling and interpolation process. As illustrated
in Fig. 4, this process is divided into two sub-steps for
the local and the loudspeaker domain, both apply-
ing sampling and interpolation. The equidistant dis-
cretization of both distributions is modelled by mul-
tiplying the respective driving function with a Dirac
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Figure 5: The continuous spectra involved in egs. are shown in Figs. a-d. For comparison purposes, the spectra of the
traditional WFS driving function is plotted in Fig. e. The figures f-h depict the discretized spectra discussed in section
3.2. For all plots the following parameters were used: Rop = 1.5m, R; = 0.5m, No = 40, N; = 50.

comb are given as a superposition of the shifted continuous
o 0o spectra Do 1y (u — ﬂN{o,l})' After each sampling step

I (Aa) = Aago,} Z o (04 - nAa{o,z}) ) the spatial interpolation filters ﬁfs (v) and (9}0 (v,7)
0.} n=—00 (18) are applied, respectively. Introducing the sampled

driving functions into eq. (16) and (15) results in the
spectrum ps (v,7) of the wave field reproduced by a
spatially discrete (virtual) secondary source distribu-
tion.

Figures 5f and 5g illustrate the discrete spectra of
the driving functions for the local and the loudspeaker
3 oo domain, respectively. Aliasing contributions can be
D?O,l} (v) = Z Dyosy (v —nNpony) (19) recognized by the overlapping parts of the continuous

n=—00

in the spatial domain, where Aago;y = 27/Nyo iy
denotes the sampling distance. The wildcard symbol
{0,1} is replaced by either 0 or [ for the respective
domain. The angular Fourier spectra of the discrete
driving signals [9, (15)]
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P&VFS (x)

(b)

Figure 6: The diagrams show the real part of the repro-
duced sound field for LWFS and traditional WFS with the
same parameters as in Fig. 5. The desired sound field is
a plane wave arriving from apw = 90°. The sound fields
are normalized to their absolute value at [0,0]7m. The
loudspeakers’ positions are depicted by the symbols. The
plots have been generated with the Sound Field Synthesis
Toolbox [14].

spectra (centered around v = 0) and the spectral rep-
etitions. Note, that due to the concatenation of both
domains, the resulting wave field ps (v,r) might con-
tain aliasing from both domains. However, the number
of virtual secondary sources N is not constrained by
the practical loudspeaker setup but rather a matter
computational effort. The aliasing effects in the local
domain can therefore be decreased by realizing more
focused sources. In the loudspeaker domain the spatial
bandlimitation of the continuous LWF'S driving func-
tion Dy (v) leads to reduction of aliasing compared to
the traditional WFS driving function (see Fig. 5h).
This can also be recognized when comparing the re-
produced sound fields (see Fig. 6).

4. Conclusion

This paper presented a detailed analysis of the
physical properties of two-dimensional Local Wave
Field Synthesis using focused line sources as virtual
secondary sources. For discrete, circular secondary
line source distributions, aliasing properties have been
analysed. These state a trade-off between an artifact-
free reproduction up to a certain temporal frequency
and the size of the listening area for which the repro-
duction can be achieved. In principle, these deriva-
tions will also hold for the more practical case of 2.5D
reproduction using secondary point sources.

Listening experiments [16] have indicated that tim-
bral perception of WFS is connected to spatial alias-
ing caused by the limited number of loudspeakers. Al-
though the results of this paper might allow for the
conclusion that the LWFS approach has favourable
colouration properties than traditional WFS, subjec-
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tive experiments have to be made in order to give a
well-grounded judgement for this.
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