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Abstract

A multi-Gaussian beam model is a computationally
very efficient approach for modeling the sound beam
generated by an ultrasonic piston transducer radiating
into complex geometries and materials,. Here, we will
demonstrate the remarkable versatility of multi-
Gaussian beam modeling to solve for the propagation
and transmission/reflection of focused and unfocused
ultrasonic transducer beams through anisotropic media
with curved interfaces. A new, highly modular
approach will also be described that allows one to deal
with very general modeling problems for piece-wise
homogeneous multilayered media.

Introduction

Traditionally, the elastic waves generated by
extended sources such as ultrasonic transducers have
been modeled as a superposition of spherical waves or
plane waves [1]. If, instead one uses Gaussian beams
as basis functions for representing such sources, one
obtains a highly efficient beam model that is also free
from the singularities and caustics that occur with
other functions [2],[3]. A multi-Gaussian beam model
has the advantage over many other models in that the
laws for propagation of the Gaussian beam and for its
interaction with interfaces can be described in
analytical terms so that it can easily handle
interactions with multiple curved surfaces and
complex media such as anisotropic solids. In this
paper, we will discuss the propagation and
transmission laws for Gaussian beams and show that
these laws can be placed in a modular form that makes
the solution expressions for even multi-layered
anisotropic media very compact. Finally, since a
multi-Gaussian beam model relies on the paraxial
approximation, we will discuss the conditions under
which that approximation may fail.

Propagation of a Gaussian Beam

The canonical problem that we will use to describe a
multi-Gaussian beam model approach is shown in Fig.
1, where a single Gaussian beam radiates through a
curved interface between a fluid and an anisotropic
solid. In the fluid, the pressure at a distance, D, from
its source can be expressed, for harmonic disturbances

with time dependency of the form exp (—ia)t) as
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Figure 1: Transmission of a Gaussian beam through a
fluid-anisotropic ~ solid interface showing the
propagation of the beam along the group velocity

direction, U, . Snell's law relates the angles &, and 6,
, where 6, is measured to the slowness vector, s, in

the solid from the unit normal, n , to the interface.

p= P(D)exp[ia)(D/cpl +%yTM(D) y—tﬂ
(1

where ¢, is the wave speed in the fluid and P(D) and
M(D)represent the “amplitude” and “phase” of the

Gaussian beam, where M is a 2x2 symmetric matrix
representing, in general, an elliptical cross section
Gaussian beam. We place these terms in quotes since
in actuality P and M are complex and hence both
contain amplitude and phase components, but it is
convenient to still refer to them in this manner. In the
fluid if we seek a high frequency harmonic solution to
the governing wave equation in the paraxial
approximation of the type

p:A(yl,yz,D)exp[ia)(D/cpl—t)] ()

we obtain the paraxial wave equation for 4 :

0’A 0°4 2iw 04
+ ==

=0 3)
8y12 6y22 C, oD



WCU 2003, Paris, september 7-10, 2003

For the Gaussian beam of Eq. (1) 4 has the form

A =P(D)exp{%ia)yTMy} 4)

Placing this expression into the paraxial wave
equation, we obtain the governing equations for P and
M as

dP ¢,
—+—=—Ptr(M)=0 5
a2 P 2)
and
dM
d—D+Cp1MM=0 (Sb)

The first of these equations is called the transport
equation for the amplitude, P, and the second is a non-
linear Ricatti equation for the phase, M. It is,
however, easy to solve for the phase since Eq. (5b)

together with the relationship MM ™' =1 allows one
to obtain the linear equation

aM™!

ap ! ©
the solution of which is
M(D)=M(0)[1+¢, DM(0)]" )

The transport equation can also be solved directly

using the Ricatti equation and MM ™' =1 again to
yield

®)

Equations (7) and (8) are explicit relations for the
propagation of the phase and amplitude, respectively,
of the Gaussian beam in the fluid, and completely
determine the Gaussian beam once the starting values

P(O) ,M (O) are given.
In an anisotropic solid, the governing equations are
more complex since we have [1]
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Figure 2: Propagation of a Gaussian beam through a
distance D in an anisotropic solid along the group
velocity direction but where a local set of slowness

coordinates ( VisVss y3) are used to describe the
Gaussian, where ), is in the direction of the slowness

vector, S .

where p,is the density of the solid, u, are the
displacements, and C, are the elastic constants. In

spite of this complexity we can still obtain high
frequency paraxial Gaussian beam solutions to these
equations. The details are lengthy and cannot be given
here but the general approach is outlined in [3]. One
difference from the fluid case is we find the Gaussian
beam solutions propagate along the group velocity
direction, not the slowness direction, as shown in Fig.
1. Another difference, of course, is that the slowness
itself is no longer a constant in the anisotropic solid.
In fact we have three slowness surfaces that define the
propagation of quasi-P waves and quasi-S1 and quasi-
S2 shear waves [3] as a function of direction in the
solid.

Although the Gaussian beam propagates along a
group velocity direction, for the anisotropic case we
have found that by expressing the propagating
Gaussian in slowness rather than group velocity
coordinates results in a significant reduction in the
complexity of the resulting expressions. In slowness

coordinates( VisVss y3), where y, is along the
slowness direction (see Fig. 2), the phase matrix is a

symmetric 3x3 matrix, M") . However, since in the
group velocity coordinates the Gaussian phase matrix
is only 2x2, as in the fluid case, one can show that all
»)

the 3-components of M") can be expressed in terms

of the ( Y yz)components only (which define a

symmetric 2x2 sub-matrix I\ )) since
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Mg =Ly

10 (1,J =12o0nly) (10)
M) =—MPuU)uy)

Co

where ¢, is the wave speed for a particular wave type
0(0=¢P,qS1,¢S2) and U} (J=12) are the
components of the group velocity for the same
particular wave type in the ( yl,yz) slowness

coordinates. Thus, just as in the fluid case, the
propagation of the Gaussian beam is completely

determined once we obtain the 2x2 matrix M in
slowness coordinates.

Here, we summarize the equations governing
propagation of a Gaussian beam in an anisotropic
solid. For a Gaussian beam, in slowness coordinates,
we have

u,(x,0)=U(D)d,

1

-exp{iw[D/L[0 +%yrl\7[(y) (D) y—tﬂ

1n
where u, are the displacement components, d, are the
polarization components and Uf,is the magnitude of

the group velocity for the given wave type. For this
propagating beam we obtain the following equations:

(CijlelSj _p2§1‘k)dk =0 (12)
y = Gwsidid; (13)
0i
P>
au () _
2Z/lod—D+Utr(SM )_0 (14)
and
(»)
M L mergmt =g (15)
D U,

Equation (12) is Christoffel’s equation which can be
solved for the slowness and polarization. Equation
(13) gives the corresponding group velocity from
these slowness and polarization values. Equation (14)
is the transport equation for the displacement
amplitude, U, and Eq. (15) gives the Ricatti-like

equation for the 2x2 matrix, M"”). The 2x2
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Figure 3: Cross section of a slowness surface for a
quasi-shear wave in austenitic stainless steel showing

the slowness vector, §,for a particular direction, and
the slowness, s, in the vicinity of this direction. The
group velocity, U, , is normal to the slowness surface,
as shown.

symmetric matrix, S, is also related to the properties
of the slowness surface along the direction of
propagation.

Figure 3 shows a cross-section of a particular
slowness surface in the ( Vi y3)plane and the

slowness s in the neighborhood of a given direction
along which the slowness is s, and the group velocity

is U, . Expanding the slowness, s, to second order in

the ( Vi yz) slowness coordinates in the neighborhood

of this given direction, we obtain [4]

A A

o+D,s,+Dyss, (1,J=1,2) (16)

The components of the group velocity in the ( Vi yz)

coordinates are given by U, =—CODJand the S
matrix components are just

A 1
S, =-2¢, [DU —2—5IJJ. Thus, we see that the S

0
matrix is directly related to the curvatures D, , of the

slowness surface in the given slowness direction.
Although these curvatures cannot be obtained
explicitly except for some simple anisotropic
materials, they can be easily obtained numerically
from the local properties of the slowness surface itself
[4]. Equations (14) and (15) are very similar in form
to the fluid case and, like that case, can be solved
analytically. We obtain
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sM") (0)} (17)

= (18)

Equation pairs (7), (8) and (17), (18) describe the
propagation of the Gaussian beam in the fluid and
anisotropic solid, respectively, for the canonical
problem in Fig. 1. To completely specify the solution
for this problem, we now need to consider the laws
that describe the transmission of the amplitude and
phase of the Gaussian beam across the fluid-solid
interface.

Transmission of a Gaussian beam across a curved
interface

The transmission relation for the displacement
amplitude of the Gaussian beam is particularly simple
since the Gaussian beam is a high frequency solution
whose amplitude is governed by the plane wave
relation [3]

P(D))

U(0)=1, —iwp
/o pl

(19)

where 7;, is just the plane wave transmission

coefficient (based on displacement or velocity ratios)
for a plane interface. Determining the transmission
law for the phase is considerably more complex but
straightforward. We match the phase of the incident
and transmitted/ reflected waves to second order along
the curved interface [3] to obtain

My (0)=(G3) " (Ga) GiGhMir (D)

cosd, cosd, -1 -1 (20)
+hIJ( c - c ](Glfl) (ng)
rl 0
where
G- (cos6, —sinQU, /c,) —sinb, Uy, /c,
0 1 ’
; |cos6 0
G/ = (21)
0 1
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where 7, are the curvatures of the interface, as
measured in plane of incidence coordinates and it is
assumed, in Eq. (20) that the ( Vi y3)is aligned with

that plane. If that is not the case, then additional
rotation matrices are needed in Eq. (20) [3].

A modular multi-Gaussian beam solution for
multiple interfaces

Both the propagation and transmission laws we have
described for the phase MY relate this phase term
when going from a point P, to a point P, where
these two points may be two separated points in the
same material during propagation or two adjacent
points at an interface relating the transmitted/reflected

waves at an interface. In either case those laws can be
written in the form

m(E)=[om () +C][BM(P )+ AT
(22)

where A, B, C, D are 2x2 matrices. For example, for
propagation through a distance D in the anisotropic
solid we find

1 0
AP — ,
0 1

eD (e,—2D,) -2D,

B =

U, | -2D, (co—zézz)

S I Y 23)
0 0 0 1

while for transmission across the fluid-solid interface

>

_cosH, —(UOl/co)sinQ |
e cos )

—(Uoz/co)sinH, | ’

i cos 0, |

Btrans_ 0 0
1o of



Ctranx _ (COS Hz _ COS 9, ]

cpl CO

by +hy, (uoz /CO)Sinet

' (cosH,—(UOl/co)sinH,)cosHi
hZI

| cos d,

hyy + Iy, (uoz /CO)Sinet

(cosH, —(Z/{O1 /co)siné’,)

h22

cosd,
(cos@ —(Z/IO1 /co)sinﬁt)
(Uy, /¢,)sinb,
(cos@ —(Z/IO1 /co)sinﬁt)

0

Dtrans _

24

As a consequence of Eq. (22), when we have
multiple propagation and transmissions/reflections
occurring, such as in the weld problem of Fig. 4, we
can show that we can directly relate the phase term in
the final medium directly to its starting values through

global matrices A BY,C°, DY, ie.

M(P,.)=[D°M(R)+C°][BM(B)+A°]
(25)
where the global matrices are obtained simply through

matrix products of all the modular propagation or
transmission/reflection matrices along the given path,

i.e.
A’ B¢

1

5 )} (26)

This allows us to write the solution for the
displacement wave field, even after M transmissions
or reflections in the compact form
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Figure 4: A Gaussian beam transmitted through a
welded cylinder and reflected off the inner surface.

Jdet [ MU (D,,)]
\/det |:M(m‘-21 (O)]

e e

(1 ,
-eXp |:m)(§ yTM5|f1)+1 (DM + ) YJ:|

P(0)d &«
&I_IT’W+1

! (X, a)) - _iwplcpl m=1

@27

where Z/{O(m) is the magnitude of the group velocity
along the wave path in the mth mediumand 7, ,, isa

plane wave transmission or reflection coefficient
when going from medium m to m+1. It is also possible
to reduce the product of amplitude terms to a single
term involving the global matrices [3]. However, we
have found that in doing so one cannot calculate
unambiguously the square roots of the resulting
expressions, which are complex. The form of Eq. (27),
however, results in explicit values for these terms.

A Multi-Gaussian beam model

Up to this point we have only considered a single
Gaussian beam. However, Wen and Breazeale [5]
have shown that by superposition of as few as ten
Gaussians one can simulate the wave field of a
circular, planar piston transducer and they gave the ten

complex coefficients, 4, ,B, in their expansion. Thus,

we need only take ten of our Gaussian beam solutions
and relate their starting amplitude and phase terms,

[P(0)] .[M(0)] (n=1,2...10)in the fluid to the

A,,B, of Wen and Breazeale to obtain a solution for

a planar piston source. We find
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[P(o)]n = P, Vo4,
2iB

[M1(0)], =[Mx (0)], === (28)
(M, = M,, =0)

where a is the radius of the transducer. Furthermore,
we can also obtain the solution for a spherically
focused piston transducer of focal length F by simply

modifying the B, coefficient as follows:
iwa®
2c F

rl

B, >B =B, +

(29

Recently, Sha et. al. [6] also gave the solution for a
rectangular planar piston transducer in terms of ten
coefficients that are used along each axes of the
source (for a total of 100 beams). In terms of their

(Izln , én ) coefficients, we have

(Mo (0)], =~

B wB, I
(M12 =M, = O)
(30)

One could also simulate a bi-cylindrically focused
rectangular piston transducer with focal lengths

(F1 F, ) from Sha's results by making the
replacements
; B ; B
->—F B > —
I+iwB, /2¢, F I+iwB, /2c,F,

€2))

By combining these multi-Gaussian beam solution
coefficients with the explicit propagation and
transmission laws we have defined, one obtains a
remarkably simple way to describe the behavior of the
sound field from a number of different circular or
rectangular piston probes for general multilayered,
anisotropic media.

Limitations of the Paraxial approximation

The multi-Gaussian beam model is only an
approximate solution since it rests fundamentally on
the paraxial approximation, which can become
inaccurate in some instances. For example, on
transmission through an interface near a critical angle

98

PV

Figure 5: Transmission through a fluid-solid interface
at the critical angle where the transmitted P-wave
becomes an inhomogeneous wave along the interface.

as shown in Fig. 5, the transmission coefficient
changes rapidly with small changes of angle. In the
paraxial approximation it is assumed that this
transmission coefficient is slowly varying, so that a
paraxial solution may lose validity near such a critical
angle.

8
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Figure 6: Transmission through an interface at a fillet
where the surface curvature changes abruptly.

Similarly, Fig. 6 shows the case where the beam of a
transducer is located in a region of the surface where
the surface curvature suddenly changes. In this case,
since different parts of the transmitted wave field
encounter different curvatures, we cannot expect a
multi-Gaussian beam model, which uses only a single
curvature along the central transducer ray, to be valid.

As mentioned previously, multi-Gaussian solutions
can also be used to model focused probes. However, if
the probes are too tightly focused, as shown in Fig. 7,
the waves from the transducer do not all travel
approximately in the same direction, as assumed by
the paraxial approximation. Many of the focused
transducers used in NDE applications are not very
tightly focused, so in that field the paraxial
approximation may be perfectly adequate except for
NDE applications involving, for example, acoustic
microscopes.



Figure 7: A tightly focused probe where the waves

from the transducer do not all travel in approximately
the same direction.

Finally, we mention the case shown in Fig. 8 where
the transmitted beam at an interface is near grazing
incidence. In this case the beam is highly distorted and
other waves exist near the surface (surface waves, for
example) that are not accounted for by the multi-
Gaussian beam model, which only models the bulk-
waves in the solid. Thus, in this case also we cannot
expect our paraxial solutions to be accurate.

AAAL

%‘

Figure 8: Transmission of a beam at an interface near
grazing incidence.

Even though there are cases, as described here, where
the paraxial multi-Gaussian beam model solutions
may not be valid, there are also many practical
situations where such situations do not occur and for
which a multi-Gaussian beam model provides a
powerful tool for accurately predicting the wave field
of a transducer in very complex problems.

Summary and Conclusions

We have demonstrated that multi-Gaussian beam
solutions can be explicitly constructed for complex
problems where a piston probe interacts with multi-
layered anisotropic materials. These solutions are
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computationally efficient and so can be used as the
basis for parametric studies and real-time simulations.
The only major limitation of these solutions is that
they rely on paraxial approximations to the underlying
governing equations. Thus, these solutions may lose
accuracy in the cases described previously where the
paraxial approximation is not valid. Work is on-going
to define the limits of validity of the solutions
presented here in those cases and to develop
alternative beam models.
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