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Abstract
In this work, we study the beamforming of interlaced

linear arrays for vibro-acoustography systems. The aim
of this research is to model and design a system with
a contact probe for in vivo applications. Two transduc-
ers with two identical linear arrays are studied: inline
and fully interlaced arrays. The system point-spread
function is given in terms of the dynamic ultrasound
radiation force produced by the interference of the ul-
trasound beams generated by each array. A computer
program simulates the beamforming of the arrays based
on the spatial impulse method. Simulations using array
parameters similar to conventional ultrasound systems
present the resolution cells of both transducers focused
at 50 mm of about �������	�
���������������� mm in azimuth,
elevation, and range. Sidelobes can be reduced to less
than ����� dB through apodization. The interlaced ar-
rays exhibit transverse resolution acceptable for medi-
cal imaging applications.

Introduction
Vibro-acoustography is an imaging technique that

produces a map (image) of the mechanical properties
of an object by applying ultrasound dynamic radiation
force on the object [1]. The radiation force is gener-
ated by two harmonic ultrasound focused beams driven
at slightly different frequencies. The beams interfere in
the focal region of the system producing a modulated
ultrasound beam. The resulting beam generates the dy-
namic radiation force that has a component at the modu-
lation frequency. This force causes the object (or region
of interest) to vibrate emitting an acoustic field (acous-
tic emission) that can be detected by a hydrophone or
microphone. The detected signal is used to synthesize
an image of the object.

Clinical applications of ultrasound imaging systems
require electronic beam focusing and steering. Linear
array transducers are widely used for this purpose [2],
because they can focus and steer the ultrasound beam
laterally by electronically delaying the signals of the
array elements. Linear array beamforming for vibro-
acoustography shares similarities with its counterpart in
conventional ultrasound (B-mode). The goals of beam-
forming for vibro-acoustography remain to achieve nar-
row beams with low sidelobes and minor effects of grat-
ing lobes.

An imaging system is characterized by its point-

spread function (PSF). In vibro-acoustography, the PSF
is given in terms of the dynamic radiation force at the
modulation frequency. Thus, we shall call the vibro-
acoustography PSF as the radiation force point-spread
function (RFPSF). The dynamic radiation force de-
pends, among other factors, on how the generated ul-
trasound beams overlap. This is related to the relative
position of transducers that generate the beams. Conse-
quently, the system resolution cell, defined as the vol-
ume enclosed by the RFPSF at ����� dB, depends on the
relative position of the transducers.

Here, we study the beamforming of interlaced lin-
ear arrays for vibro-acoustography through numerical
simulations based on the spatial impulse method [3].
Two transducers formed by two identical linear arrays
are analyzed: inline and fully interlaced arrays. In the
former, the elements of both arrays alternate along az-
imuth. In the latter, the alternation of the elements of
both arrays take place in azimuth and elevation. In a re-
cent work [4], transducers based on separated linear ar-
rays were studied for vibro-acoustography applications.
In these transducers, two linear arrays are placed side-
by-side along azimuth (inline separated array) or ele-
vation (parallel separated array). One advantage of in-
terlaced over separated arrays is that in the former the
array elements spans the entire transducer aperture. Re-
sults show that the resolution cell of both interlaced ar-
rays focused at ��� mm is about ��������������������������� mm
in azimuth, elevation, and range. Sidelobes are reduced
to less than ����� dB through apodization. The trans-
verse resolution of the interlaced arrays are acceptable
for medical imaging applications. The superiority of in-
terlaced over separated arrays in vibro-acoustography is
discussed.

Theory

Dynamic ultrasound radiation force

Consider two collimated ultrasound beams with fre-
quencies  "!	#$ "% and  '&�#$ "%)(+*, propagating in
an ideal fluid. The quantities  % and *, are the center
and the difference frequencies, respectively. In vibro-
acoustography applications *, .-/ %�0 � . The beams
overlap in a region of the space which is defined as the
focal zone of the system. This is referred here as dual
beam mode (see Fig. 1). The resulting beam in the focal
zone is a modulated ultrasound wave that is described
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Figure 1: Dual beam mode.

by the following acoustic potential:��� ������� � #
	��� !�� ����� ��������������� (�	��� & � ����� ����������� �!��� (1)

where " is the imaginary unit, 	��� !�� and 	��� & � are the com-
plex amplitude functions, and � % is the focal point of the
system. Assume that a point-target is placed somewhere
within or in the neighborhood of the system focal zone.
The total (incident + scattered) pressure and velocity
fields are denoted by # and $ , respectively.

The radiation force exerted on the point-target by the
incident modulated ultrasound wave is given by [5]% # &�')(�*,+

�.- % �/$10 + ��$32�4657� (2)

where 5 is a surface enclosing the object, the brack-
ets

( 2 denote average in time over a long time interval,

the symbol 0 is the dot-product,
*
#98�: �<;6= ; > � ?A@> 8 :�B @: is

the Lagrangian density of the total wave, and
+

is the
unit normal vector of 5 pointing inward. The modu-
lated ultrasound beam (1) produces a harmonic force at
the difference frequency. To separate this component in
the radiation force, we define the short-term time aver-
age of a given function C��/� � at a time � in an interval D
as

( C�2FEHGJIELK �NM E�O >��P E�O > C ��Q �R4�Q . Hence, Eq. (2) should be
calculated using the short-term time average with the
condition ��S -/ % 0 D 0 T S -�*, . It is possible to
show that for a ultrasound traveling wave the main con-
tribution to the radiation force on a small spherical tar-
get comes from the scattered wave [6]. By following
this hypothesis, one can show that the dynamic radia-
tion force on the point-target at the difference frequency
*, is given by [7]% #VU %XWZY 	� � ![� 	� � & ]\�_^ � �[`a�b� � (3)

where U % is a constant, W is the gradient operator, and
* means the conjugate of a complex quantity. The radi-
ation force on the point-target can be decomposed into
axial and transverse components. The axial component
lays on the direction of propagation of the ultrasound
modulated beam. The transverse component is perpen-
dicular to the axial component.

Figure 2: Linear array transducers.

Radiation force point-spread function (RFPSF)
The vibro-acoustography PSF, here called radiation

force point-spread function (RFPSF), is based on the
acoustic emission of a point-target which is propor-
tional to the radiation force on it. If we consider
the point-target as a hard object attached to some sort
of restoration force mechanism such as a small steel
sphere suspended by a wire, we can approximate the
acoustic emission of the point-target to a dipole radia-
tion pattern. In this model, the normalized RFPSF is de-
fined in terms of the dynamic ultrasound radiation force
as follows c

psf ����� � % �dG 	e ����� � % �	e ��� % � �/% � � (4)

where � % is the system focal point and 	e is the magni-
tude of the radiation force vector given in Eq. (3). Note
that the RFPSF is a three-dimensional complex func-
tion, therefore, both phase and modulus of this function
can be used to produce vibro-acoustographic images.
Inasmuch as the modulated ultrasound beam in (1) de-
pends upon the focal point � % , so does the RFPSF. This
means that a vibro-acoustography system is only shift-
invariant in the neighborhood of the system focal point.
Changing the focal point usually modifies the system
resolution cell.

Linear arrays
The beam produced by a linear array can be later-

ally steered by an angle f % and focused at different dis-
tances g/% in the azimuth plane (plane normal to the lin-
ear array). A linear array consists of h rectangular el-
ements of width i and height j placed in a row with
a constant interelement spacing 4 (pitch). Consider a
transducer with two linear arrays, k and l�� for a vibro-
acoustography system. Each linear array has h ele-
ments. The elements of the arrays are driven by two
harmonic signals with proper phase values to focus and
steer the resulting ultrasound beam. Fig. 2 shows the
following transducers: (a) inline separated, (b) inline
interlaced, and (c) fully interlaced arrays. To calculate
the acoustic potential generated by the linear arrays de-
scribed in Fig. 2, we use the spatial impulse method.
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Table 1: Parameters used in the computer simulations.

Parameters Values
elements ��h
� 64 (inline), 128 (fully)
width �/i � 0.15 mm
height ��j � 12, 6 mm
pitch ��4�� 0.2, 0.4 mm
focus in elevation 50 mm
ultrasound frequency � e % � 3 MHz
speed of sound ��� % � 1480 m/s
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Figure 3: Ultrasound radiation force produced by the
interlaced transducers. The arrows represent the

direction of the force.

In this method, the acoustic potential generated by a
flat piston is given as the time convolution between the
spatial impulse function

c
���b��� � and the normal particle

velocity ��� �/� � at the surface of the piston as follows:� ���b��� � #���� �/� ��� �
c
���b��� � � (5)

To compute the function

c
���b��� � of rectangular pistons

(array elements), we use the exact solution obtained by
Emeterio et al. [8]. For the sake of simplicity, we omit
the mathematical expressions of

c
������� � here. A pro-

gram, written in C programming language, was used to
compute Eq. (4) by using Eqs. (3) and (5). The param-
eters used in the simulations can be seen in Table 1.

Results
Simulations have shown that the main contribution

for the RFPSF comes from the axial component of the
radiation force. The transverse component of the force
contributes with less than 10% of the axial component.
Fig. 3 shows the radiation force produced by the inter-
laced arrays in the azimuth plane.

The shape of the resolution cell is subject to dis-
tortions as the ultrasound beam is steered and focused
at different points in the medium. We define the
relative broadening of the resolution cell as *
	 G
� � ��	 I -�	 > � � � ���� , where is 	 � is the cell width along
range, azimuth, or elevation. The ultrasound beam is fo-
cused at the position � # ��� � specified by g % # ������� �
mm, respectively. Fig. 4 shows contour plots of the
RFPSF in the azimuth plane. The relative broadening
of the resolution cell along range for all transducer is
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Figure 4: RFPSF in the azimuth plane. (a-c) Inline
separated array. (d-f) Interlaced arrays. Legend: solid
line ����� dB, thick line ����� dB, and dotted line ��� dB.
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Figure 5: RFPSF in the focal plane. (a-c) Inline
separated array. (d-f) Interlaced arrays. Legend: solid
line ����� dB, thick line ����� dB, and dotted line ��� dB.

*
	�#��������� . Fig. 5 shows contour plots of the RFPSF
in the focal plane. In azimuth, the relative broadening
of interlaced arrays is *
	�# � T ���� , while for the inline
separated array is *
	 # ����� T  . In elevation, all trans-
ducers have *�		# ������� �� . When the focal point is atg % # ��� mm the resolution cell of the interlaced arrays
is �������.������� � ��� � mm in azimuth, elevation, and range.
The inline separated array has the azimuthal resolution
two times larger than the interlaced arrays.

Fig. 6 shows the RFPSF of the interlaced arrays,
in which each individual array was apodized by the
Bartlett’s function

k��,# ���
�����
��� � � �

����� � (6)

where ��� is the center of the � th-array element and� # ������� mm is the transducer lateral aperture. Af-
ter the apodization, sidelobe levels of the RFPSF are as
low as ��������� dB and mainlobe is � dB lower than the
non-apodized RFPSF. Furthermore, the RFPSF main-
lobe width at ����� dB became 12% wider.

The inline interlaced array exhibits grating lobes be-
cause its array pitch ( 4,#+� � T mm) is larger than half of
the ultrasound wavelength ( � ��� mm). Fig. 7 shows grat-
ing lobes in the RFPSF of the inline interlaced array.
When the beam is steered from � o to � T � o the grating
lobe level increases from ������� T dB to � T � T dB.
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Figure 6: Apodization of the RFPSF: (a) inline and
(b) fully interlaced arrays.
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Figure 7: Grating lobe produced by the inline
interlaced array.

Summary

We have presented a study of interlaced linear arrays
for vibro-acoustography. The contribution of the trans-
verse radiation force to the RFPSF is small (less than
10%). However, the effects of this component on the
images is unknown. The interlaced arrays have a better
resolution compared to the separated inline array. Even
though not shown here, this result is also true when
we compare interlaced with the parallel separated ar-
ray. The RFPSF of all array arrangements exhibited a
high relative broadening *
	 # �������� in range when
the beam is focused from 30 to 70 mm. The varia-
tions of the RFPSF could be reduced if the transducer
aperture varied as a function of the focus position. The
RFPSF of the interlaced arrays are very similar except
for grating lobes produced by the inline interlaced ar-
ray. Because of this, the inline interlaced array could be
used as a switched linear array, which operates without
beam steering. Sidelobes in the RFPSF were reduced to
as low as ����� dB through apodization. In conclusion,
the transversal resolution of interlaced arrays ������� � ����� �
mm in azimuth and elevation is acceptable for medical
imaging applications.
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