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Abstract not arise due to nonlinear propagation. Instead they are
A full Navier-Stokes 2D numerical simulation is temperature nonlinearities due to the stack, which were
made to solve the flow and energy fields in a resonator Previously observed [5]. In particular it was shown
slice including a 1D stack plate. A stationnary wave that at high Mach numbers, the temperature oscillation
is settled in the domain using characteristics method. iS nonlinear above the plate, whereas the velocity os-
The temperature difference between the plate ends is cillation remains linear. The nonlinear behaviour was
compared to linear theory. Some slight differences are found to be stronger near velocity antinodes and for
found even at low acoustic Mach numbers, which are short plates, thus showing that velocity is somehow in-
explained. Some differences at higher Mach number Volved in the process [6].
occur due to nonlinearities, and especially temperature

nonlinearities. M ethods
The thermoacoustic refrigerator is shown in Fig. 1.
Introduction The operating frequency = w/2x is very high in or-

der to reduce computational time [5]. Hence we take
f=20 kHz, corresponding to a wavelength=17 mm.
The computational domain is referred to as CD. It is

The simulation of a single plate in a thermoacoustic
refrigerator is interesting because results may be com-
pared to linear theory. Among quantities of interest

is the temperature difference between the ends of the  aAcoustic Cold Stack Hot

plate. Several studies investigated this temperature dif- driver heat exchanger heat exchanger
ference experimentally or numerically. In some studies

agreement were found with linear theory at low Mach CD._ - —=

numbers [1], [2], and a disagreement appeared at higher ny | - —

Mach numbers due to nonlinear effects. Acoustic Mach =

) . ) ) = — — 2.T = lpe
numberM, = u,4/c is defined as the ratio of maxi- z=0 T = Tinout L= Ts res

mum velocity amplitude: 4 in the resonator divided by Ies = A/2
the speed of sound It is related to the drive rati®r )
by M, = D, /. Disagreement with linear theory oc-
curs when the Mach number exceeds 1%, a low value.
This value were found by Worlikaat al. in their simu-
lation [2]. This simulation is performed in the vicinity
of the plate, so nonlinear effects responsible for the ob- 10Cated between = zinq,; and the resonator end at
served disagreement are unlikely to be due to nonlinear © = lres = A/2. The height of the domain is half the
wave propagation in the resonator. Another interesting P2t Spacing, due to stack periodicity. The domain also
feature is that the agreement between experiments and"Clude a 1D stack plate. An incident propagating wave
theory is better near velocity node than near velocity is injected into the domain through section located at

antinode at high Mach numbers [1]. Nevertheless some % = Zinout USING characteristics method [S]. It travels
experiments could not match linear theory predictions, through the domain and is reflected at the resonator end.
even at low Mach numbers [3], [4] The reflected wave travels in the direction of the source

In the following, a numerical simulation is performed, ?n(_j leaves the domain at= Linout- The sum of the
and temperature difference between the ends of the incident and reflected waves is the standing wave that

plate is compared to linear theory. In the choosen con- we need. The total distance the wave travels in the do-

figuration, a slight disagreement is found at low Mach Main being less than a wavelength, there is no time for
numbers, which can be explained. At higher Mach nonlinear distorsion. Hence the standing wave is linear,
’ even at high Mach numbers. The following equations

are solved for the flow:

Figure 1: Thermoacoustic refrigerator and
computaional domain CD.

numbers, a bigger disagreement is found, which is due
to nonlinear effects. The method which is used to cre-
ate the standing wave in the domain allows us to get
a strong yet linear wave. Hence the nonlinearities do p=prT )
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@ +V - (pu) =0 ) fx, ande, are functions which depend on viscous and
ot thermal penetration depths [7}. denotes the complex
9(pu) YV (puu) +Vp=V . T 3) conjugate. For expression (6) to be valid, the length

ot L of the plate must be small in comparaison with the
or +u-VT+(y-1)TV-u wave length\. Usual assumptions of linear theory are
ot also made [7]. In particular, it is supposed that there is a

— (v—1) (®+V-(KVT)) (4) common mean temperature gradigf}, /dz = AT/L
pr in the plate and in the fluid, and that this gradient is

T, p, andp are respectively the temperature, the den- constant along the plate.
sity, and the pressure of the fluid.is the velocity vec-
tor, T the stress tensor, anbl the viscous dissipation. ] ) o
We noteK the thermal conductivity of the fluid:=287 . Some simulations are now performed. The fluid is air
JK-'kg~! the gas constanty=1.4 the ratio of specific in normal conditions. For the plate,lvve take=0.237,
heats. The 1D equation for the plate temperafiyres: ps=900 kgnt and ¢,=2700 JK™'kg~". [,/)=0.0088,
yo/0,=1.9 andl/§,=0.41, whered,, = /2K/ppcpw
8_T> (5) is the thermal boundary layer. In the following, two
Y ) piate parameters are important: the position of the plate

_ ) _ center, which will appear through the non-dimensional
ps: ¢s and K are respectively the density, the specific nymbperkz,, and the acoustic Mach numbzf, .

the thickness that an equivalent 2D plate would have. fnction of the Mach number, for low Mach numbers.

The second term on the right hand side of Eq. (5) it is compared to linear theory. We observe that even
represents the coupling with the flow. For this coupling

Results

0T K
pscsﬁ =V- (KSVTS) + T (

we also use the boundary conditi@h = T on the 157
plate surface.
<’
Temperature difference: linear theory 51 05
The temperature differenc&T between the ends of
the plate is obtained assuming a zero mean total energy
flux along the plate. It is given by: 0 0.005 0.01 0.015
M,
AT = ;Lyo P3 sin(2kz) A; x
pme Figure 2: Temperature difference for low Mach
[yoK +IK, — y;cp P2x numbers as a function dff,: + calculated- — linear
dwpme™ (1 = Fr) 1 theory (expression 6— modified linear theory
(1- cos(2kx))A2] ©) (expression 9)kz;=2.35.
for a low valueM,=0.5% (Dr=0.7%) the deviation is
A, et A, are given by: about 20%. Two factors can explain this deviation. The
- fom 7 1 first was put forward by Kirret al.[4]: the temperature
A =1m (1 - fr- i :)(1 :L 2 )> = f*] gradient is globally constant along the plate, but not at
- s " v @) the extremities of plate. In all configurations tested, this
can be responsible for an error of 10%, but not for the
Ay = Im ( - (fe — (1 + Esfu/fn)> errors of 300 % mentiormed per Kiehal.[4] and Duf-
7 (1+e)1+P) fourd [3]. Moreover, this factor decreases as the plate

1 length incresases. The second factor is the difference

=)= f*)] (8) that exists between the mean temperature gradient in
v v the fluid, and the one in the plate. In the linear theory

We noteL the plate lengthyy half the plate spacing, these gradients are assumed to be equal. The mean tem-

k = 2m /X the wave numberP, the Prandt numbet,, peraturel’, in the fluid (minus the ambiant temperature
the isobaric specific heaby = p,,cu 4 is the maximal Tp) in the sectionz=cst at the hot extremity of the plate
pression oscillation amplitude in the resonator. Sub- is plotted versus the positiog/y, in that section. At
scriptm indicates mean (time-averaged) quantitigs. y=0, the mean temperature is also the temperature of
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Figure 3: Mean temperature in the section of the
channel at the hot extremity of the plate.

the plate. We see that the temperature is not uniform in
the section, contrary to linear theory assumptions.

To take account of the two previous factors, the expres-
sion (6) is slightly modified as follows:

—L
AT = oy 4/)732 P2 sin(2kxz) Ay x
asyoK + 1K, — YoCp Pf‘x

4wpm02(1 - F)
-1

(1 — cos(2kx))As 9)

a1 accounts for the non-constant temperature gradient

at the extremities of the plate, amd accounts for the
difference in mean temperatures in the plate and in the
fluid. Two remarks must be done. Firgt anday are

not constants that we choose in order to fit the simula-
tion, they are rigorously computed once the simulation
is performed. In particular, is calculated using the
spatial average of the mean temperature of the fluid in
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Figure 4. Temperature difference as a function of
M,: + calculated-— linear theory (expression 6)
modified linear theory (expression %z ,=2.35.
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Figure 5: Temperature difference as a function of
M,: + calculated-— linear theory (expression 6)
— modified linear theory (expression %z ,=2.9.

earities of temperature decrease as the plate is pushed
toward the velocity antinode. A consequence of that is
shown in Fig. 5: for a positiokz;=2.9 closer to the ve-
locity antinode than the previous one, the Mach number

the hot section of the channel. Second they can be usedat which the temperature difference deviates from linear

only as ana posteriori correction. If an analyticala
priori expression is wanted for both coefficients, an ex-
tension of the linear theory valid at the plate ends and
giving an expression for the mean temperature in the
fluid and in the plate is required (as in Ref. [8]). Data
obtained with expression (9) are plotted in Fig. 2. We
see that this modified expression fits our numerical re-
sults at low Mach numbers.

Now we plot the temperature difference as a function
of the Mach number for the whole Mach number range.
This is done in Fig. 4 fokxz; = 2.35 and in Fig. 5 for
kzs = 2.9. Forkz, = 2.35, at low Mach numbers,
the simulation agrees well with the modified linear the-
ory given by expression (9). A disagreement is found
aboveM,=1.5%. It is due to nonlinear effects. More
precisely, it is mostly due to the nonlinear oscillation
of temperature above the plate. Abdvg =1.5%, the

theory prediction is more than 4%. This value is larger
than the value 1.5% found fd#r,=2.35.

We now turn to the effect of the parameter, repre-
senting the stack plate position. In Fig. 6 and Fig. 7 we
plot the temperature differeng®T" as a function okx

for two values of the Mach numberd/,=0.005, and
M,=0.04. ForM,=0.005, we observe that the temper-
ature difference is well predicted by the modified linear
theory for all plate positions. In particular, the maxi-
mum temperature difference is reached faf,=2.35,
that is, between the pressure and the velocity antinodes.
For a higher valué/,=0.04 of the Mach number, simu-
lations and modified linear theory do not agree for most
values ofkz,, as expected at high Mach numbers for
which we have nonlinearities. The difference between
the calculated curve and the modified linear theory de-
creases akz, increases, which was also found experi-

temperature deformation indeed increases as the Machmentally by Atchleyet al.[1]. For a value ofkz, high

number. As indicated in the introduction, the nonlin-
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0.3

Figure 6: Temperature difference as a function of

kxs. + calculated~— linear theory (expression 6)

300%) found in some experiments [3][4]. But some pa-
rameters may increase the corrrection factor: for exam-
ple, if the plate thermal conductivity is increased, the
second effect will be stronger and the correction factor
will be higher.

At high Mach numbers, modified theory and numerical
results do not agree, due to nonlinear effects. In partic-
ular the deviation is stronger near the velocity antinode.
This has been related to the nonlinearity of temperature
oscillation, which is itself stronger near velocity antin-
odes.

Acknowledgments

—— modified linear theory (expression 9),=0.005.

[1]

[2]

25 3
kx
Figure 7: Temperature difference as a function of

kxs. + calculated-— linear theory (expression 6)
modified linear theory (expression 9),=0.04.

3]

predictions even match. This is the case because non-y;
linearities in temperature oscillation decrease near the
velocity antinode [6]. From Fig. 7 a second observation
is made. The optimal value d@fx, for which the tem-
perature difference is maximum is slightly larger than
the one predicted by the modified linear theory.

[5]

Conclusion

Temperature difference between the extremities of a
stack plate were calculated numerically. It was found
that even at low Mach numbers, the calculated differ-
ence does not always agree with linear theory. Devia- [6]
tions up to 25 % have been observed. Two reasons for
these deviations have been found: 1) at the extremities
of the plate, the mean temperature is not a linear func-
tion of the axial position, 2) the mean temperature in
the plate and in the fluid are not equal at the plate ends,
contrary to the linear theory assumptions. Taking ac-
count of these observations, a slighty modified expres- [8]
sion for the temperature difference was given, which
agrees with the numerical results at low Mach numbers.
The corrections given here are less than 25%, and fail
to explain the large deviations (ranging from 200% to

[7]
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