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Abstract
Nine measures of nonlinear propagation have been

evaluated according to how they describe the transfer
of energy from a diagnostic ultrasound beam’s funda-
mental frequency to higher harmonics.

Fields produced by 30 transducer configurations and
four scanner models were simulated in water using a
finite difference model. Nine parameters proposed in
the literature to indicate the degree of nonlinear distor-
tion were calculated from measurements on the mod-
elled fields.

The most robust indicators were the nonlinear prop-
agation parameter σm, the spectral index, and two sim-
ple local distortion parameters incorporating the mea-
sured pressure, the distance from the source, and the
local transducer gain.

Nonlinear Indicators
This study seeks a measurable parameter which can

be used for a threshold under which fields measured in
water are sufficiently ‘quasi-linear’ to predict in situ ex-
posures using scaling and linear derating.

The nonlinear indicators fall into three types: those
derived from the waveform spectrum, pressure, or
shape.

Spectral Parameters (SI & H2)
The Spectral Index SI is the ratio of the power P (f)

above the fundamental frequency to the total power in
the spectrum at a point in the beam:

SI =

∫ ∞
fa

P (f)df
∫ ∞
0

P (f)df
. (1)

The cutoff point fa between the fundamental and higher
harmonics is 1.5fc, where fc is the peak frequency of
the original spectrum.

The Second Harmonic Ratio H2 is the ratio of the
power under the second harmonic peak to that under the
fundamental peak of the spectrum. The powers were
calculated between [0 − fa) and [fa, 2.5fc), where fa

and fc are as defined in equation 1. Hence

H2 =

∫

2.5fc

fa

Pfdf
∫ fa

0
Pfdf

. (2)

Pressure Parameters (σm, σz & pm)
The Nonlinear Propagation Parameter σm is defined

only at the focus and was derived assuming a Gaussian–
shaded, focused, circular source [1]. It is given by

σm = zpm
2πfcβ

ρ0c3

ln(G +
√

G2 − 1)√
G2 − 1

. (3)

where z is the distance from the source, pm is half
the peak–to–peak pressure, fc is the fundamental fre-
quency, and β, ρ0, and c0 are the nonlinearity param-
eter, density, and speed of sound in the medium. The
local area ratio G is used to approximate the transducer
gain. It is the square root of the ratio of the beam 1/e
areas at the source and focus, including side lobes.

G =

√

areasource

areafocus

(4)

Although σm is only defined at the beam focus, this
study calculated σm at all points along the axis. The
local area ratio G was recalculated at each point by as-
suming a beam area proportional to the product of the
x– and y– 1/e widths.

Field Sigma σz is equivalent to σm with the gain term
omitted so that

σz = zpm
2πfcβ

ρc3
. (5)

The Maximum On–axis Pressure pm is the maximum
pressure measured along the axis in the field and is half
the peak–to–peak pressure:

pm =
pc + pr

2
. (6)

Waveform Shape Parameters (pasym & σs)
The Asymmetrical Ratio pasym is the ratio of the peak

positive to peak negative pressure:

pasym =
pc

pr

. (7)

The expression for the Ostrovskii/Sutin propagation
parameter, σs used here is obtained by substituting the
asymmetrical ratio into the expression for asymmetri-
cal distortion proposed by Ostrovskii and Sutin [4] and
gives

σs =
pasym − 1

pasym + 1
=

pc − pr

pc + pr

. (8)
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Alternative Pressure Parameters (σr & σq)
Analytical expressions for waveform distortion have

not been published for complicated transducer config-
urations such as the astigmatically-focused rectangular
transducers studied here. However, as in the analytical
expressions for distortion in Gaussian–shaded beams
[1] [2], the waveform distortion should be a function
of the the path integral of some quantity through the
field and the transducer gain. For this study we de-
fine two parameters incorporating the simple gain terms
1/G and 1/

√
G.

The first proposed parameter, σr, is given by

σr = zpm
2πfcβ

ρc3

1

G
(9)

where G is defined in equation 4. The second proposed
parameter, σq, is defined as

σq = zpm
2πfcβ

ρc3

1√
G

. (10)

The use of the 1√
G

term follows from the observation
that, with the gain range used in this study, this term
closely approximates the gain term used to calculate
σm. Both parameters are defined everywhere in the
field.

Energy Transfer
The parameters were evaluated according to how ac-

curately they measure the energy transferred from the
fundamental frequency to higher harmonics. Some of
this transferred energy is quickly dissipated. The re-
maining high harmonics form the shock front of the
pressure waveform.

For each field, energy transfer was calculated us-
ing an artificially–linear field which was calculated for
identical conditions except that the nonlinearity coeffi-
cient β was set to zero. The energy transfer ∆E

E
is the

relative difference in power under the fundamental fre-
quency peaks between the linear and nonlinear fields.
Hence

∆E

E
=

∫

1.5fc

0
Plin(f)df −

∫

1.5fc

0
Pnonlin(f)df

∫

1.5fc

0
Plin(f)df

. (11)

Typically, the energy transfer profile of a beam os-
cillates slightly in the near field, increases sharply near
the focus, then flattens out past the focus as waveform
pressure and nonlinear effects decrease. Maximum en-
ergy transfers for the modelled beams range from 0.7%
in very low–amplitude pulsed and continuous beams, to
42% in high–gain runs, and to 70% in a low–gain run
with a deep focus.
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Figure 1: Spectral Parameters

Methods
Ultrasound fields were simulated using the Bergen

frequency-space implementation of the KZK equa-
tion [5], modified to handle pulsed excitation [6] and
rectangularly-symmetric transducers [7].

Thirty fields are included here. They include mea-
sured waveforms from 16 transducer settings on three
models of ultrasound systems, two theoretical trans-
ducer configurations using short pulses, one chirped
pulse, and continuous runs. Frequencies used ranged
from 2 MHz to 6 MHz. The maximum gains ranged
from 2 to 12. The transducers in over half of the runs
had astigmatic foci.

Results
In figures 1 to 4, each of the parameters is plotted

against energy transfer. Each colored line in the graphs
represents one modelled field. An ideal nonlinearity in-
dicator would be tightly distributed and proportional to
energy transfer.

Spectral Parameters
Figure 1 shows that the spectral index (SI) and sec-

ond harmonic ratio (H2) increase similarly up to 10%
energy transfer. Above this, the H2 curve flattens out,
likely because energy that has been transferred to the
third and higher harmonics is not reflected in H2.

The vertical regions at the right of the SI and H2
curves correspond to the regions of the field after the
focus, where the energy transfer from the fundamental
remains constant but the value of the nonlinear indica-
tors decreases.

Waveform Shape Parameters
Figure 2 shows that neither of the shape parameters

reflects energy transfer to higher harmonics.

Pressure Parameters
Figure 3 shows that σm is the only pressure pa-

rameter which adequately represents the energy trans-
fer. Field sigma (σz) also generally increases with en-
ergy transfer but massively overestimates nonlinearity
in high-gain runs. The measured pressure (pm) alone
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Figure 2: Waveform Shape Parameters
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Figure 3: Pressure Parameters

does not represent the energy transfer at all. Clearly,
a nonlinear indicator derived from pressure measure-
ments must include a gain term.

On the σm and σz charts, the curves for higher-gain
fields lie at the top left, while the low-gain runs lie at
the bottom right. The vertical portions of the curves
correspond to values on the beam axes after the focus,
as in the previous section.

Alternative Parameters

Figure 4 shows the performance of the parameters
σr and σq. The parameter σq performs similarly to σm

because the gain term is similar.

Inspection of the distribution of curves on the charts
shows the effect of the different gain terms. As on pre-
vious charts, the curves for high–gain runs on the σq lie
at the top left of the graph, with the low–gain runs at
the bottom. In the σr chart this trend is reversed, sug-
gesting that σr slightly overcorrects for the gain while
σq under–corrects.
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Figure 4: Alternative Parameters
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Figure 5: Derived Parameters at Axial Maxima

Behavior at Maximum Gain, Pressure
It should not be necessary to measure nonlinear pa-

rameters everywhere in a field, and in fact σm is only
defined at the focus. The charts in figure 5 show the
best–performing indicators plotted only at the locations
of maximum gain (approximated by the local area ra-
tio, G) or pressure in the field. The behavior of the
parameters correlates much better with energy transfer
to higher harmonics than the all-points graphs.

The plots of the parameters at the gain and pressure
maxima are similar, but the pressure maximum is much
easier to find experimentally.

Figure 5 shows the parameters σm, σq, σr, and SI as a
function of energy loss at low to medium energy trans-
fer. It is clear that, in this region, σm and σq reliably
follow the energy transfer, where σr does a plausible
job. The spectral index may also be a useful indicator,
but its coefficient of variance is large, so SI will be a
very conservative indicator.

Comparisons with σ

An alternate criterion for the nonlinearity indicators
is to compare them to Blackstock’s dimensionless non-
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Figure 6: Nonlinearity Criterion σ

linearity parameter

σ = βk

∫ z

0

ε(l)dl (12)

where ε = u
c0

is the acoustic Mach number [3]. Figure
6(a) shows the relationship along the axis of a typical
ultrasound field of this parameter σ, the measured pa-
rameters σm and σq, and the energy transfer. The axial
maximum of this field lies at 80 mm, and the curves of
σ, σm, and σq cross at this point. Before the focus, the
derived parameters tend to overestimate this parameter,
and after the focus they underestimate it while σ keeps
increasing. This is typical of the fields in modelled in
this study. Figure 6(b) shows the values of the derived
parameters plotted vs sigma at the axial maximum of
all 30 fields. In each field, the energy transfer correlates
linearly with the path integral σ at the axial maximum
(not shown).

Conclusions
A nonlinear indicator which incorporates the distance

from the transducer, the measured pressure, and the lo-
cal area ratio (calculated from the beam areas of the
source and measurement point) is the best choice to rep-
resent an ultrasound beam’s energy transfer into higher
harmonics. The parameters σm, or σq are the leading
candidates.

A protocol for ensuring that an ultrasound field in wa-
ter is ‘quasi-linear’ would require determining the max-
imum pressure along the beam axis, measuring the x
and y 6dB or 1/e beam widths at the axial maximum
and the source, and calculating σm or σq.

If the nonlinearity parameter lies below a threshold
value, it is certain that the energy transfer from the fun-
damental to higher harmonics is lower than the thresh-
old for ‘quasi-linear’ propagation. Possible thresholds
are shown in figure 7.
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