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Abstract

The presentpaperdealswith the transientnonlin-
earprocessesresponsiblefor thesaturationof acoustic
wavesin annularthermoacousticprime-movers.In par-
ticular, investigationsare focusedon the role of non-
linear processesinfluencing the temperaturedistribu-
tion in the inhomogeouslyheatedpartsof the device.
Experimentalobservationsof varioustransientregimes
arepresented.The resultsshow the possibility for the
engineto switchon andoff spontaneouslyandperiod-
ically, the possibility for an overshootof the acoustic
waveamplitudebeforeits final stabilization,or thepos-
sibility for a double-thresholdphenomenonduring the
amplificationprocess.A numericalapproachto study
the transientregime is thenpresented.In the adopted
simplifiedmodel,thetemperaturefield is coupledto the
acousticfield by takinginto accounttheforcedconvec-
tion dueto acousticstreamingandthe acousticallyin-
ducedthermalconductivity.

Introduction

Thermoacousticprime-moversemploy for thetrans-
formationof thethermalenergy into mechanicalenergy
an interaction betweenan inhomogeneouslyheated
stackof solid platesand resonantgasoscillations. In
an annular thermoacousticprime-mover, the stack is
placedin a closedloop resonator, allowing the exci-
tation of traveling acousticwaves. In sucha device,
thesaturationof thethermoacousticinstability is linked
notonly to classicalnonlinearphenomenasuchascas-
cadeprocessof higherharmonicgenerationandminor
losses,but also to nonlinearprocessesinfluencingthe
temperaturedistribution in theinhomogeneouslyheated
partsof thesystemsuchasacousticallyenhancedther-
mal conductivity (equivalent to heattransportinduced
by gasoscillations[1]) andtheexcitationof aunidirec-
tional acousticstreaming[2].

In order to understandthe independantinfluenceof
eachoneof thosenonlinearphenomena,the investiga-
tion of the transientregime may provide us useful in-
formations,becausethe transientdevelopmentof dif-
ferentnonlinearphenomenamight proceeddifferently
(with differenttime scale). Experimentalobservations
arebriefly reported.Theobtainedresultsshow various
regimes, demonstratingthe possibility for the engine
to turn on andoff spontaneouslyandperiodically, the

possibility for an overshootof the acousticwave am-
plitude beforeits final stabilization,or the possibility
for a double-thresholdprocessduringtheamplification
regime [3]. A quantitative andexhaustive description
of the thermoacousticamplificationprocessrequiresa
numericalresolutionof the equationsof motion, but
one risks to spendmany expensive diagnosticsto un-
derstandthe independantinfluenceof eachoneof the
nonlinearphenomenathat control the saturation. We
believethatacomplementaryapproachwouldbeto find
the simplestdescriptionthat capturesqualitatively the
dynamicalbehaviors which are typically observed in
experiments. A simplidied theoreticalmodel is pre-
sented,wherethe one-dimensionalheattransferequa-
tion is coupledto the acousticproblemby taking into
accountthe forcedconvectiondueto acousticstream-
ing andthe acousticallyinducedthermalconductivity.
Thermoacousticamplificationdependsin its turnonthe
temperaturedistribution alongthestackandthewaveg-
uide. The obtainedresultsare qualitatively in good
agreementwith experimentalobservations(in particu-
lar a periodic switch on-off and the double-threshold
phenomenaarereproduced).

Experimental results

A schematicdiagramof the experimentalapparatus
is shown in Fig. 1. Thetorusshapedstainlesssteeltube
of innerdiameter�����
	��� andlength ������� ���
�
is filled with air at atmosphericpressure. The stack
(length ��� ) is a ceramicporousmaterialwith square
channelsof cross-section����� ( ������� ���� ). When
the temperaturegradientalong the stackbetweenthe
cold heatexchanger(locatedat � ��!"��� ) andthehot
heatexchanger(locatedat ��#� ) exceedssomecritical
value,thefluid startsto oscillateat about $%�&�
�(' .

Numerousexperimentalinvestigationsof the tran-
sientregimehave beenmade,with variousstacklength
andstackheating.In particular, we have foundthatthe
onsetof thethermoacousticinstabilitycouldgiveriseto
whatwe calledthedoublethresholdeffect [3]. During
this transientoperation,the initial exponentialgrowth
of oscillations(first threshold)is followed by a quasi-
stabilization(with wave amplitudeslowly growing in
time),whichbeforethefinal stabilizationis followedby
anotherexponentialgrowth (secondthreshold). Here,
we presentother interestingresults,obtainedwith a �
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Figure1: Schematicrepresentationof theannular
thermoacousticprime-mover
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Figure2: Rmsamplitudeof acousticpressureversus
time,whenthepower increment+�, above the
thresholdvalue ,.- of inputpower is gradually
increased.Thefour obtainedtransientregimes

(a),(b),(c),(d)correspondto +�,/�0��1 , +�,/�3241 ,
+�,5��$%�41 , +�,/�3�46
1 , respectively

centimeterslong stackand with a hot heatexchanger
consistingof anappropriatelycoiledstringof Nichrome
(i.e. anelectricalheatresistance)inserteddirectly in the
resonatorat position �7�3� andconnectedto thepower
supply. For eachmeasurement,the input power , is
initially set just below its critical valuecorresponding
to the onsetof the thermoacousticinstability. A small
+�, incrementon , is then sufficient for the acous-
tic wave to be generatedin the waveguide. In fig. 2,
various transientregimesare presentedas a function
of +�, . Several interestingprocessesare observable.
Firstly, theresultsshow thepossibilityfor thedevice to
turn on andoff spontaneouslyandperiodically, andthe
switch on-off period is graduallydecreasingwhenthe
+�, incrementis increasing(Fig. 2 (a),(b),(c)). Then,
when +�, exceeds�46
1 , theamplitudeof theacoustic

wavefinally stabilizesto afinite value(Fig. 2 (d)). Note
alsothepresenceof anovershootof theacousticwave
amplitudebeforeits final stabilization(Fig. 2 (d)).

For all the above mentionedexperiments,the tem-
peraturedistribution have beenmeasuredusingtypeK
thermocouplesplacedalongthestack,andtheobtained
results(not presentedhere)show significanttransient
changesin temperaturedistribution. Consequently, the
nonlinearprocessesinfluencingthe temperaturedistri-
bution in the transientregime must be taken into ac-
countin themodel.

Numerical approach
The device is divided into threeparts,i.e. the stack

( !"���98��08:� ), the inhomogeneouslyheatedpartof
theresonator( �;8#�<8#��= ), andthecold partat con-
stanttemperature>@? . The interval !"���A8:�#8B��=
is called the thermoacousticcore. It is madeof three
compounds(i.e. thestack,thetubewalls andthefluid)
with associatedthermophysicalproperties(i.e. ceram-
ics, stainlesssteel,andair at atmosphericpressure,re-
spectively). It is assumedthat thethermalcouplingbe-
tweenthosedifferentelementsis sostrongthat,at any
position � alongthethermoacousticcore,the tempera-
tures>DCFEHG4IJ�DK , >DLNMOGPCFQRESLOTUIJ�DK and > TNVWCFEHX&Y M�TZT IJ�DK areequal.
With this assumption,a simplified monodimensional
heattransferequationcanbewritten in eachpartof the
thermoacousticcoreasfollows:[ �(\<]H!"���_^F��`N^ba4Vc>edfIJ�g^PhFK@ikjldRIJhFK�a4m�>edRIJ�g^PhFKR�

IcnodoiApUnodfIJhFKPKqasrmtm >edRIJ�g^PhFK@i/u4vsw m � Vyxz v ^
(1)

[ ��\<] ��^F��=o`N^ba4Vc>@{|IJ�g^PhFK@ikjs{|IJhFK�a4m&>@{|IJ�g^PhFK}�
n~{�asrmtm >@{�IJ�g^PhFK@i5u&�_w m � Vyxz � �

(2)

In Eqs. (1) and (2), the coefficients nod and n~{
(with subscripts ! and i standingfor the stack re-
gionandthe ] ��^F��=o` regionrespectively) aretheglobal
thermaldiffusivitiesof thesimplifiedmonodimensional
model. They areestimatedfrom thermophysicalprop-
ertiesand cross-sectionaldimensionsof eachcompo-
nent (i.e. stack, tube walls, and fluid). The coeffi-
cients �%� arephenomenologicalparameterswhich ac-
countfor exchangesof thedevicewith surroundings.In
fact,thetransientheattransferequationis herecoupled
to the acousticproblem via the acousticallyinduced
thermaldiffusivity pUnodfIJhFK and the forced convection
js�|IJhFK�a4m&>edRIJ�g^PhFK due to the excitation of a unidirec-
tional acousticstreamingof velocity js�|IJhFK . The time
dependance(in fact,acousticpressure-dependance) for
streamingvelocity and thermaldiffusivity will be de-
scribedlater.
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Then, the transientevolution of acousticpressure
for a gi� ventemperaturedistribution mustbeevaluated.
This requiresto solve the well-known classical lin-
eardifferentialequationof thermoacousticsin thether-
moacousticcore. It hasbeendemonstratedin an ear-
lier paperdealingwith standing-waveprime-movers[5]
that transformationof this equationinto an equivalent
Volterraintegralequationof thesecondkind leadsto an
exactsolutionin theform of aninfinit iterativesequence
of integral operators.Here,we take advantageof this
result,takinginto accountthespecificboundarycondi-
tions linked to theannulargeometryof thepresentde-
vice. Analyticalexpressionsfor thethresholdcondition
and for the correspondingoscillation frequency � are
provided, andapproximatesolutionsarecalculatedby
truncatingthe exact solutionto a sufficient order. The
structureof theacousticfield canalsobecalculatedin
thewholedevicefor anarbitrarytemperaturefield with-
out any restrictionson the stacklength. This method,
which is not detailedhere(seerefs. [6], [7]), notably
introducesathermoacousticamplificationcoefficient to
model the amplification/attenuationof the wave in the
thermoacousticcore. Finally, whentrying to solve the
transientregimeof prime-moveroperation,theacoustic
problemreducesto:

a4VH�sG�Q|TUIJhFK}�3���t>@��IJ�g^PhFKF�P�sG�Q|T�IJhFKb^ (3)

where�sG�Q|TUIJhFK is theroot-mean-squareamplitudeof the
acousticpressureat position �3��� (for instance). In
Eq. (3), the thermoacousticamplificationcoefficient �
dependson the temperaturedistribution in the whole
thermoacousticcore.Thesignof � determineswhether
the acousticwave is attenuated( ����� ) or amplified
( �A��� ) while �<�5� correspondsto thethresholdcon-
dition or to thestationnaryregime.

To model the influenceof the acousticfield on the
temperaturefield in Eqs. (1)-(2), simple expressions
for js� and pUnod areintroduced:

pUnod|IJhFK��#�e�@� rG�Q|T IJhFKb� (4)

a4VZjs�|IJhFK@i js�|IJhFK�%� � �e��%� � rG�Q|T IJhFKb� (5)

So, thevelocity of acousticstreamingandtheacousti-
cally induceddiffusivity aresimply assumedto depend
on the squareof acousticpressure,with accountof a
timedelay �%� of streamingestablishment.Theparame-
ters �e� , �e� and �%� areestimatedfrom experiments[8],
theory[4], andnumericalcalculations[9].

In orderto describethetransientregimecompletely,
thefollowing boundaryconditionsareintroduced:

>edRI�!"���_^PhFK}�0>edRI�!"���l^F��Kb^ (6)

>@{|I���=(^PhFK}�0>@{|I���= ^F��Kb^ (7)

>edRI���^PhFKR�0>@{|I���^PhFKb^ (8)

� dRIJhFK�a4m&>edRI���^PhFK�! � {�a4m�>@{|I���^PhFKR�5�.IJhFKb� (9)

In Eq. 9, �.IJhFK is the input power flux at �k��� while� dfIJhFK and � { standfor thermalconductivities in the
stack and ] ��^F��=o` regions, respectively. Finally, the
transientregime is computedby solving Eqs. (1),(2)
and(3) stepby stepfrom theonsetof thethermoacous-
tic instability to the saturationof the wave amplitude
(theheattransferequationbeingsolvedusingaCranck-
Nicholsonfinite-differencemethod[10]).

Results and discussion
In thefollowing, preliminaryresultsof thecalculated

transientregimesarepresented.For all computations,
the input power ,~IJhFK is initially setto a fixed valuein
orderthattheassociatedtemperaturedistribution corre-
spondsto thethresholdcondition.At time h}�#� , a +�,
incrementon the input power is applied. In Fig. 3, the
acousticpressureamplitudeis plottedversustime, for
differentpower increment+�, above the threshold.In
Fig. 4 and5, theinfluenceof theparameter�e� (charac-
terizingtheefficiency of streamingexcitationby sound)
andof thetimedelay �%� of streamingestablishmentare
investigated.
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Figure3: Calculatedrmsamplitudeof acoustic
pressureversustime in thetransientregimefor

differentpower increments+�, above thethreshold.
Otherparametersaresetto thefollowing values:
�e�<�3���W$t� ds� ��� dD� , �%�<�#�
� , �e�A�56��W$t� d_� �7rt� dD� .
At present,is seemsprematurateto draw any quan-

titative conclusionfrom the observed results, but it
is interestingto notice that the model is able to re-
producequalitatively theexperimentallyobserved pro-
cesses(overshoot,periodicswitch on-off, anddouble-
thresholdprocesses).Furthermore,asillustratedin Fig.
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Figure4: Calculatedrmsamplitudeof acoustic
pressureversustime in thetransientregimewhenthe
parameter�e� is varying.Otherparametersaresetto

thefollowing values: +�,/�3	�� 	41 , �%�<�3�
� ,
�e�A�56��W$t� d_� �7rt� dD� .
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Figure5: Calculatedrmsamplitudeof acoustic
pressureversustime in thetransientregimewhenthe
parameter�%� is varying.Otherparametersaresetto

thefollowing values: +�,5�3	�� 	41 ,
�e�<�3���W$t� ds� ��� dD� , �e�A�56��W$t� d_� �7rt� dD� .

5, the accountof a time delayof streamingestablish-
mentcouldexplain thedouble-thresholdphenomenon.
Moreprecisely, wesuspecttheobserveddoublethresh-
old phenomenonto bea consequenceof thestreaming
inducedtransientevolution of the temperaturedistri-
bution, which proceedwith a differenttime scalethan
thecharacteristictime of wave amplification[7]. Work
is currently in progressin order to relate the param-
eterscontrolling transientinteractionsbetweenacous-
tic andtemperaturefields in our simplified theoretical
model with the measurableparametersof the experi-
mentalthermoacousticdevices.
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