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Abstract

The Angular Spectrum of Plane Waves
(ASPW) method is commonly used to
determine the surface displacement/peak
velocity distribution of piston-like transducers
from measurements of the radiated pressure
field distribution. This requires, typicaly, plane
scans of 100x100 points and a corresponding
computationa effort.

The finite element approach is an aternative
method that can predict source distributions and
radiated fields to an acceptable accuracy from
relatively few measurements. The radiating
surface is divided into a number of eementary
areas over each of which the displacement/peak
velocity is assumed constant. The acoustic field
a any point is approximated as the
superposition of the fields due to the individual
surface elements. Carrying out measurements at
N different points, at least equal to the number
of elements, enables a set of N linear equations
between the unknown element values and the
measured field values to be found. The
(approximate) surface distribution is recovered
by inverting these simultaneous equations.

By assuming that the source distribution is a
function of the radia co-ordinate only, surface
velocity distributions of plane, circular, piston-
like transducers have been reconstructed from a
limited number of pressure measurements
(typicaly < 10). The present contribution also
investigates non-uniform source distributions.
This necessarily increases the number of
eements required for a satisfactory source
reconstruction. The significant increase in the
number of measurements required means that
ill-conditioning of the equations is a significant
issue.

Introduction

It is well known that the surface velocity
distribution of a plane piston-like transducer
can be determined indirectly  from
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measurements of the radiated pressure field
digribution over a plane paradld to the
transducer surface by using the Angular
Spectrum of Plane Waves (ASPW) method.
This approach often requires a large number of
time-consuming precision measurements and a
corresponding computational effort. Scans of
100x100 points are typical for transducers
operating in the Megahertz region. Thus there
is an incentive to investigate alternative
approaches that can predict both source
distributions and radiated fields to an
acceptable accuracy but requiring only
relatively few measurements.

THEORY
General

The acoustic field produced by a bounded
vibrating surface S can be found from the
Rayleigh integral:

o, 1) =2 [exp(-iknU(ro)dS (1)
2mr

The surface Sis subdivided into N regions and
the strength of the vibration over each region is
assumed to be constant. The acoustic field can
then be expressed as

_iop & e
p(r, ) = z i exp(—iknU, (r,)dS, (2)

If measurements are made at M different field
points, then (2) yields a set of M simultaneous
linear equations which can be represented in
matrix form as

[Pj]=[jS][Ui] (3)
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The formal solution to the system (3) is given
by

-1
[Ui]=[jS] [PJ] (4)

and may be solved provided M>N.

Transver sereconstruction

The initial work [3] wused computer
simulations based on the circular plane piston
to establish the feasibility of the principle. The
radiating surface was divided into N regions
using N-1 concentric circles.
The field data is taken on a radial line parallée
to the transducer surface plane. The axis field
expression required for the NxN coefficient
matrix was calculated from (1), using the form
of Rayleigh Integral due to Fung, Cobbold and
Bascom [4].

/2
p(x,z) = pcU kd J.;]l(kasj n0)J, (kx sinB) exp(jkzcos6)do

- j;f]l(kacosh B)J, (kx coshp) exp(—kzsinhp)dp]
(7)

The investigations included both computer
simulations and experimentally derived data
These were carried out for a range of source-
measurement plane distances in order to test the
range of applicability of the reconstruction
agorithm. It was found that the reconstruction
quality is relatively insensitive to the
measurement distance.

Accuracy of Reconstructions

The goodness of a simulated reconstruction
depends on two factors. These are;

(1) The nature of the approximating function
(2) The numerical accuracy of the solution to

the system of inverse equations.

This latter depends on the conditioning of the
system  of equations. In  addition,
reconstructions from experimental data will
incur further errors due to the inevitable
measurement uncertainties (noise). Simulated
reconstructions of uniform sources demonstrate
directly the effect of the equation system's
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conditioning. This is illustrated by the 8-point
reconstructions shown in Figure 2. The
maximum error in the magnitude is less than
2%, while the phase error is only afraction of a
milliradian. This gives some confidence that
good reconstructions of piston-like sources
should be possible. This was checked by
simulating a piston-like source with a linear
velocity taper to the transducer boundary. The
result of one such reconstruction is shown in
Figure 3. The reconstructions give a reasonable
representation of the origina magnitude and
phase distributions

x10°

FIGURE 2. 8-point reconstruction of the amplitude and
phase distributions for a uniform source.
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FIGURE 3. 5-point reconstruction (solid lines) of a
piston-like source with a linear taper (dashed lines).
a=15mm, frequency =200kHz, z =30mm, z, = 1.

Reconstructions from measur ed data

A series of transverse field measurements were
carried out in a PC-controlled scanning tank.



The source was a nominal 500kHz, 30mm dia.
plane transducer (Dupont) and the field probe
was a Precison Acoustics 0.5mm dia. PVDF
Needle hydrophone and HPMO5/2preamplifier
combination. Various frequencies in the range
200-500kHz were used in order to produce
different source distributions. Two such
reconstructions are shown in Figures 4 and 5.
Figure 4 shows a 6-point reconstruction of the
source when driven at 400kHz A cubic spline
interpolation through the reconstructed values
is used here for clarity. Figure 5 compares the
results of a 25x25-point ASPW source
reconstruction with an 8-point transverse
(radia)  reconstruction.  The  operating
frequency was 200kHz. Although the 8-point
reconstruction broadly captures the features of
the source distribution, it is evidently far from
perfect. The main reason for this was revealed
by the full 2-D ASPW reconstruction, which
shows that the surface vibration is more
complicated and depends both on the radia and
azimuthal co-ordinates.
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Figure4. A 6-point radia reconstruction from data
measured along atransverse line at distance z =10.5mm
from the transducer’ s face. The operating frequency was
400kHz. The curveis a cubic spline interpolation through
the measured points.

[[I-conditioning problems proved to be quite
mild for these reconstructions due to the coarse
discretisation employed here.
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FIGURE 5. Comparison of source reconstructions for a
30mm dia. transducer, driven at 200kHz. The curve is a
radia section of the back projection. Theline graph isthe
8 point radial reconstruction.
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Two—dimensional reconstructions

This result shown in Fig.5 provides the motive
for extending the investigations to non-
symmetric source vibrations. In contrast to the
essentialy 1-D reconstructions, the number of
source elements required to give an acceptable
map has to be increased. This in turn suggests
that ill-conditioning of the transfer matrix Q
will now be a significant issue.

Both sguare and circular sources were
investigated and their vibrations were
approximated using 25 surface eements,
requiring measurements at 25 field points.

The field expression required for the 25x25
term Q matrix was calculated from the fully
discretised form of Rayleigh Integral,
appropriate to each co-ordinate system. These
take the form:

—ikry,

oM =>>as, °

u=1 v=1 ruv

(8)

The radiators are thus approximated by discrete
point sources whaose strengths are proportional
to the surface element areas AS,,,. The transfer
matrices Q in each investigation were
extremely ill conditioned, but applying the
Tikhonov regularization process [5] can yield
acceptabl e approximate solutions.

As an illustration, Figure 6 compares the
unregularized and a regularized 5x5-point
reconstruction of a square source.
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Figure 6. Comparison of the unregularized and
regularised 5x5 point reconstructions for a 2\ side square
source.

The regularized reconstruction deviates by
+10%, which precludes the imaging of
moderate deviations from the ideal source. The
reason for the relatively poor reconstruction
appears to be the use of a point source
approximation, rather than a uniform area
elementary source.
Conclusions

The current investigations have shown that an
acceptable reconstruction of a transducer’s
surface vibration can be achieved from a
limited number of measurements when circular

1540

symmetry can be assumed. They indicate that
good reconstructions can be obtained in the
range 0.05 &/A< z < &/A. from the source.
Other experiments (not illustrated here) have
shown that the predicted radiation patterns for
the few-point source reconstructions compare
closely to the true source radiation patterns.
When extending these investigations to non-
symmetrical distributions, it was anticipated
that ill-conditioning of the system of equations
(4) might limit the usefulness of the method,
and thisisindeed the case.
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