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Introduction of KZ equation
Lie group methods as been recently applied to the nonlinear
dynamics of gaz bubbles in liquid[1] and to Burger’s equation
by Abd-el-Malek[2] using the Moran method of reduction[3]
with the aim of extracting physical information. The aim of
our paper is to find a generalization of transformations (such
as Hopf-Cole for Burgers equation �u�t � u �u�x �

�2u
�x2 � 0) which

originate from the KZ Lie symmetries, and to show that the
Tjotta transformation[4], which has a difficult physical inter-
pretation, is also the consequence of the invariance symmetry
of KZ equation.

The propagation of a nonlinear ultrasonic wave, generated by
an axisymmetric transducer of geometrical radius a, in a non
dissipative medium (Fig.1) is described by the KZ equation:

KZ�r, Θ, z� � Nu2
ΘΘ � uΘz � urr �

1
r
ur � 0, (1)

where u � Ρ


u0
is the normalized sound pressure, z � x

4ld
is

the axial distance, ld �
ka2

2 is the diffraction Rayleigh length,

Θ � Ω�t � x/c0�, is the normalized time, ls �
c2
0

ΕΩu0
the shock-

formation length, c0 is the equilibrium sound velocity, and Ε
is the nonlinear parameter of the medium and N � 2ld

ls
.
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Figure 1: Nonlinear propagation of acoustic waves generated by an
axisymmetric transducer of radius a

An exact solution of KZ can be written as [5]:

u�r, Θ, z� �
c

1 � 4iz�1 � ib�
(2)

 exp �iT �r, Θ, z� � �1 � ib�
r2

1 � 4iz�1 � ib�
� ,

T �r, Θ, z� � Θ � Nu�r, Θ, z� (3)


1 � 4iz�1 � ib�
�2i�1 � ib�

ln �1 � 4iz�1 � ib��

where T �r, Θ, z� is the so called ”nonlinearly retarded time”, b
and c constants.

Symmetries of KZ equation
Let us apply the Moran[3] method of reduction to KZ:

KZ�u, ui, ui j, r, Θ, z� � 0 where i, j � �r, Θ, z�. (4)

One build a one parameter (a) group transformation S �
Cs�a�S � Ks�a�, where the letter S is related to all variables
and functions r, Θ, z, u, and Cs�a�, Ks�a� are group functions.
The derivative transformations give Si � Cs/CiSi, and Si j �
Cs/CiC jSi j.Then, any equation E�S, Si, Si j� of variables S and
its derivatives Si, Si j, ... is said to be invariant if we have

E�S, Si, Si j� � H�a�E�S, Si, Si j�, (5)

where H�a� is a function of a. A basic group theory theorem
[3] states that a function Η�r, z, u� is an absolute invariant of a
one-parameter group if it satisfies the linear equation :

6

�
i�1

�ΑiSi � Βi�
�Η
�Si

� 0, (6)

where Αi �
�CSi

�a �a0� and Βi �
�KSi

�a �a0�. Generally, this new
transformation of variables simplifies this equation and allows
to extract judicious physical variables.

Pseudo-separation of the longitudinal variable z

Let us suppose that u�r, z, Θ� � f �z�g�r, z, Θ�. Expanding all
partial derivatives in f and g variables, we can obtain a new
KZ equation:

KZ�r, Θ, z� � f �z�gr
r � f �z�grr � f �z�gzΘ � gΘ f


�z�
�N�2 f �z�2g2

Θ � 2 f �z�2g�r, z, Θ�gΘΘ� � 0.
(7)

The group invariance (5) applied to this new KZ equation and
gives KZ� f , g, r, Θ, z� � H�a�KZ� f , g, r, Θ, z�. Recalling that
theCi’s and the Ki’s are functions of a only, we obtain: H�a� �
CgCf

C2
r

=
CgCf

CzCΘ
=

C2
gCf

2

C2
Θ

, and Kf � Kg = Kr � 0. These conditions

are verified if C2
r � CzCΘ , CΘ � CfCgCz, which gives C2

r �
C2

zCfCg � C2
zCu. We can then build an invariant Η�r, z, u� and

then express KZ with variables Η, Θ.

Expression of an implicit invariant

Let us express KZ equation given by (7), initially written in
r, z, Θ variables in new transformed variables Η�r, z, u� and Θ.



After large calculations (detailed in [6]), the new KZ is :

�2gNr f �z�2gΘΘ � r f �z�gΗΗΗ
2
r � g2

Η��2gNr f �z�4gΘΘΗ
2
u

�2 f �z�2�Ηr�rΗru � Ηu� � rΗrrΗu�� � f �z�3g3
Η

�rΗrrΗ
2
u � ΗrΗu��2rΗru � Ηu� � rΗ2rΗuu� � g2

Θ

��2Nr f �z�2 � 2gNr f �z�4gΗΗΗ
2
u � gΗ�2Nr f �z�3Ηu

�2gNr f �z�4Ηuu�� � r f �z�gΗΘ�Ηz � gΗu f 
�z��

�gΗ�� f �z�Ηr � r f �z�Ηrr � 4gNr f �z�3gΘΘΗu
�r f �z�2gΗΘΗu�Ηz � gΗu f 
�z����

gΘ��4gNr f �z�3gΗΘΗu � r f �z�3g2
Η��ΗuuΗz � ΗuΗzu��

r f 
�z� � r f �z�2gΗΗΗu�Ηz � gΗu f 
�z���

gΗ�4gNr f �z�4gΗΘΗ
2
u � r f �z�Ηu f 
�z�

�r f �z�2�Ηzu � gΗuu f 
�z���� � 0 � KZ�Η, Θ�

(8)

According to the results given by Lie group theory, this equa-
tion only depends on Η and Θ. The 18 coefficients in front of
the gi j are necessarily dependent on functions Fi of Η and Θ.
Independently of any particular initial or boundary condition,
the ratio of F6�Η, Θ� � �2Nrf�z�2 and F15�Η, Θ� � rf
�z� is nec-
essarily a function of Η and Θ. This leads to the calculation of
f �z� :

�2Nrf�z�2

rf
�z�
�

F6�Η, Θ�
F15�Η, Θ�

� Cte, ie f �z� �
1

2NCz � D
(9)

where C and D are constants.

We can see that the Rudenko solution (3) is included in
this general property. This result is interesting in the sense
that, even if we cannot access to the calculation of the field
u�r, Θ, z�, it is possible nevertheless to give its asymptotic be-
havior. This result is exactly the physical consequence of the
diffraction effects of the acoustic field, negligible in z � 0 and
leading to zero pressure when z � �. This is one of the future
trends of this method of reduction : elaborate some optimized
condition of excitation after extracting judicious variables

Simplification of KZ equation

Let us rewrite KZ assuming u�r, Θ, Z� � Zg�r, Θ, Z�, with Z �
1

2NCz�D . Initial KZ equation given in (1) becomes

2NZ�ggΘΘ � gΘgΘ �CgΘ� � 2NCZ2gΘZ � grr � gr/ r � 0. (10)

Performing the same analysis, the invariance property (5) ap-

plied to (10) finally leads to G�a� �
Cg

C2
r
�

C2
gCZ

C2
Θ
�

CgCZ

CΘ
that is:

CZ �
Cg

�Cr�
2 � G�a�, Kr � KZ � Kg � 0, Cg � CΘ. With the use

of condition CZ �
Cg

�Cr�
2 , we can find a new judicious invariant

expressed versus (Z, g, r). This invariant Η�r, Z, g�must verify
Eq.(6):

�Αrr�
�Η
�r
� �ΑZZ�

�Η
�Z
� �Αgg�

�Η
�g
� 0, (11)

from which the solution Η�Σ, Τ� is expressed as a function of

variables Σ�g, r� � gr
�
Αg
Αr and Τ�r, Z� � r

� ΑZΑr Z.

Reduction of invariants via initial conditions

Let us suppose, with special initial condition, that the invariant
Η�Σ, Τ� is only dependent on Τ, that is Η � r∆Z, where ∆ is

a constant to be determined. Starting from (10), KZ can be
rewritten as

r�2�∆Z∆2gΗ � 2CNZgΘ � 2NZg2
Θ

�r2��1�∆�Z2∆2gΗΗ � 2CNr∆Z2gΗΘ � 2gNZgΘΘ � 0.
(12)

Coefficients in front of partial derivatives gi and gi j must be
functions of Η et Θ only leading to ∆ � 2 only. This is an
important result which allows to simplify KZ assuming the
initial hypotheses. Rewriting these two expressions Η � r2Z �

r2

2NCz�D and Z � 1
2NCz�D as a function of r, Θ, z, we confirm the

existence of a solution of KZ equation written in the form

u�r, Θ, z� �
1

2NCz � D
g�

r2

2NCz � D
, Θ�, (13)

which is the form of the Rudenko solution (3) with a suitable
identification of constants.

Pseudo-separation of the normalized time

As done in the previous section for the characterization of
f �z�, it is interesting to find a function h�Θ� such as the KZ so-
lution gives u�r, Θ, z� � h�Θ�g�r, Θ, z�. This leads to Kh � Kg �

Kr � 0, and H�a� �
CgCh

C2
r
�

CgCh

CzCΘ
�

C2
gC

2
h

C2
Θ

; that is C2
r � CzCΘ,

CΘ � CzCgCh � CzCu. An invariant Η�u, Θ, z� expanded as
a function of u, Θ, z can also be found for a simplification of
KZ equation. With the same reduction method, we can shows
that h1�Θ� � exp�K1Θ�, which is exactly a part of the Lapidus
and Rudenko solution (3) with K1 � i. Nevertheless, we can
use other invariants which leads to an other possible solution:
h2�Θ� � K2Θ

2 which can be seen as a secular solution. The
existence of secular solution appears in acoustic phenomenon
leading to chock waves, but generally these solutions are lin-
ear time dependent.

Conclusion
Symmetries of KZ equation using Lie group approach has
been used for showing remarkable properties of KZ solutions:
invariance properties confirm the existence of an implicit solu-
tion ; equation (9) confirms the pseudo-separation of z which
is the consequence of the far field diffraction; the last result
exposes the explicit normalized time dependence Θ of oscilla-
tions of the near field, and exhibit the possibility of a secular
behavior proportional to Θ2
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