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There is an important interest in the international metrology community for new accurate determinations of the
Boltzmann constant kg, in order to redefine the unit of thermodynamic temperature, the kelvin. The value of
the Boltzmann constant is linked to the speed of sound c¢ in a noble gas. The method described here consists
in measuring u inside a quasi-spherical acoustic resonator of inner volume of 0.5 L filled with argon, during an
isotherm process at the temperature of the triple point of water (273.16 K) from 0.05 MPa to 0.7 MPa.

The determination of kz at LNE-CNAM with this technique allowed us to obtain the value kg = 1.38064774 (171)-

1073 J. KL, i.e. with a relative uncertainty of 1.24 - 1076,

In this paper, we present the acoustical model use at LNE-CNAM. Moreover, we focus on the parameters of the
experiment which have an effect on the measurement of u# with this method (like gas purity, static pressure, etc)
and how they were carefully controlled to get the lowest uncertainty on kg up to now.

1 Introduction

The current definition of the unit of thermodynamic tem-
perature (kelvin) is linked to a natural property of water ob-
tained at the temperature of it triple point Trpy = 273.16 K
[1]. The 23rd General Conference of Weights and Measures
(CGPM) recommended redefining some base units of the In-
ternational System of Units (SI) with fundamental constants
of physics [1]. In this context, the kelvin could be rede-
fined by fixing experimentally, with a relative uncertainty of
1 - 107, the value of the Boltzmann constant k.

The Boltzmann constant is defined as kg = R/N4 , where R
is the gas constant and N4 the Avogadro constant.
Furthermore, kp can be related to the zero pressure limit of
the speed of sound, u, in a gas at the temperature T, as

- P
kg = YoTrwNa Il}il(l)u (P, Trpw) 9]
where u?(P, Trpw) is the square of the speed of sound at a
pressure P and at the temperature of the triple point of wa-
ter, Trpw. M is the molar mass of the gas, yo = Cp/Cv is
the ratio of the specific heat capacities for dilute monatomic
gases. The term lim},_,, indicates that we estimate the terms
independent of the pressure in u?(P, Trpw).
Nowadays, the technique which allows getting an accurate
determination of kp is the acoustic method developped at
LNE-CNAM which consists in measuring « in a quasi-spherical
volume filled with argon [2]; technique which is described in
this paper.
In the first section, the acoustical model is presented. We
focus particulary on the correction which are applied during
the frequency measurements of radial modes within a quasi-
spherical cavity. The second section deals with the experi-
mental apparatus used at LNE-CNAM. In a last section, we
present the data analysis.

2 Acoustical model

The speed of sound u can be determined by measuring
the resonant frequencies fj, within a known radius spherical
cavity. The basic equation of this experiment is given by

2 a

u =

Jin 2
Zin
where a is the radius of the cavity and z;, = kj,a is the nh
root of ji(z) = 0, with ji(z) the spherical Bessel function of
order .
For practical purposes, we can’t measure directly f,. Indeed
the physical quantity measured is a complex frequency de-
fined as

Fi, = ,ﬁn + Aﬁn + ian (3)
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where Af;, is the frequency shift and g;, is the half-width
of the resonant curve due to the disruptive and dissipative
physical effects and/or elements which take place within the
resonator.

These two terms are summed up in the next subsections. Six
effects compose the acoustic model and are labeled by:

o the thermal boundary layers Eq.(6);

the bulk losses Eq.(9);

the perturbation on the wall of the resonator (micro-
phones Eq.(12) and tubes Eq.(13));

the shell vibrations Eq.(15);

the inner shape of the resonator (tri-axial form) Eq.(14).

Only radial modes from 4000 Hz to 26000 Hz (modes 02-05,
08 and 09) are studied in this work. The speed of sound mea-
surements are made in argon at the temperature of the triple
point of water Trpy = 273.16 K. To obtain the zero pres-
sure limit of 2, an isotherm is realized for static pressures
from 0.05 MPa to 0.7 MPa; then an extrapolation to the zero
pressure limit is made.

2.1 Thermal boundary layers

The specific admittance 3,, of the acoustic resonator wall
has an admittance which is defined, for radial mode On fre-
quencies, as
y—-1_ w

0r— 4
o ©

with ¢;, the thermal layer thickness expressed as

ﬁw = (1 +l)

24
o = 5
R\ 5)

where A is the thermal conductivity coefficient, p is the gas
density and w = 27 f [3].

This thermal boundary layer yields a frequency shift Af; 5
and contributes to the resonant half width peak g/ 5 by

Mol +igw" _, up _ i
fOn B 2na v

This effect is the one which generates the larger corrections
in the acoustical model. As shown in the subsection 2.6,
more than 80% of the final correction is due to this effect
; its contributions, at P = 0.1 MPa, are (-250 + i 50) ppm <
(AfTBE + i glBLY/ fo, < (=50 + i 250) ppm. In other words, a
good estimation of the impact of the thermal boundary layer

on the acoustic measurements allows to correctly determine

y-Dé
2 a’

(6)
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the speed of sound in the gas.

Eq.(6) is right assuming that the temperatures of the gas and
the resonator shell are equal at the interface. At low static
pressure P, we have to take in account a discontinuity of the
temperature in the boundary condition [4], even if this will
create a frequency shift of an amount below 1 ppm. This
frequency shift is given by

AT (-1
F— -T2, ™
where [/, is the thermal accommodation length defined as
A [tMT2—-h
b= =—=— 8
w=5\ g & (®)

where 0 < h < 1 is the thermal accommodation coefficent.
This coefficient is linked to the gas ability being at equilib-
rium with the resonator wall and depends of four factors:

o the rugosity of the inner resonator surface;
o the wall resonator composition;

e the gas composition;

o the wall temperature.

In this work, & was estimated experimentally as 0.782 [2],
which is in agreement with % values found in the experimen-
tal studies reported in [5].

2.2 Gas bulk losses

The second effect is the dissipation due to the bulk atten-
uation of sound. This effect only contributes to the widening
of the resonant peak. This widening is given by

BULK 2
8on 7 fon 2 4o
—— == x{(y=1)é; + =6;]|, 9
(e f-viet) o
with ¢, the viscious layer thickness defined as
2
N el (10)
pw

where p is the dynamic viscosity of the gas.

This effect is larger at low pressures and increases with fre-
quency. At P = 0.1 MPa, on the frequency span studied, the
contribution of halfwidth of this effectis 5 ppm < gfV*X/ fy, <
20 ppm.

2.3 Perturbations of the inner resonator sur-
face

Two acoustical transducers and also two capillary tubes
are flush-mounted on the inner wall of the resonator. These
four elements change the local wall admittance which influ-
ence the resonant frequency measurements [6]. These effects
are defined as

_B.S.

- B
Sp Yon

Aﬁ)n + igOn
f On

where S, is the acoustic admittance of the element (micro-
phone or tube), S, and S, are the surface of the element and
the surface of the inner resonator wall.

The microphone presence induces a frequency shift of -4 ppm
to 4 ppm ; the shift due to the tubes lies between -1 ppm and
1 ppm. The both have a contribution on the half peak widen-
ing about 0.5 ppm to 4 ppm.

(1)
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2.3.1 Microphones

Recent researches at LNE-CNAM, in collaboration with
the Istituto Nazionale di Ricerca Metrologica (INRiM, Italy)
and also with the Laboratoire Acoustique de | Université du
Maine (LAUM, France) allowed obtaining an accurate knowl-
edge about the microphone influence during the measure-
ments [7]. This experimental and theoretical study, based on
the complex electrostatic transducer model [8], has allowed
defining more precisely the frequency shift Af™ and the en-
ergetic losses represented by g¥.

This model takes into account the strong coupling which ex-
ists between the gas and the membrane microphone, effect
which was neglected in a previous model [3].

Thus, A f(ﬁ’{ and gé‘fl due to the presence of two microphones
flush-mounted on the resonator wall are defined as

Afl +igh!
Son

where Y, js is the input acoustic membrane admittance, de-
tailled in [7].

¥,
= x Bkt

= , 12
SpZOn (12)

2.3.2 Capillary Tubes

The gas purity needs to be controlled in order to obtain
perfect condition for measuring u in pure argon. This can be
made using a continous gas flow through the resonator. Two
capillary tubes mounted on the resonator wall, one as inlet
the other one as outlet, allow this gas renewal. However,
this will disturb the wall impedance g,,. This effect was well
studied in [9].

Carrying on Eq.11 and substituting 8, S . by pu/Z;,., it yields
tube

+igg,

fOn

where Z,,5. is the input acoustic tube impedance. Z;. is
estimated using an electro-acoustical analogy [6].

A ftuhe

on ipu

2
N p 20n Ztube

13)

2.4 Tri-axial inner shape

The resonateur used and described in section 3 doesn’t
have an equal radius, as showned in Fig.4. These radius
changes shift the resonant frequency, which was estimated
by Mehl [10]. The second order perturbation correction, for
the radial mode, is given by

M4

f On 135 O

This effect depends only of the excentricities & and &;. It in-
creases with the frequency and takes value between 0.5 ppm <

AfOTnAE/fOn < 10 ppm.

(8% —&1& + s%) (14)

2.5 Correction of the shell vibrations due to
the shell breathing mode

Near shell resonances, there is a strong coupling between
the gas and the resonator wall. Shell movements could be
small, however, these vibrations will interact with the gas,
and cannot be neglected.

Vibrations are maximal when the resonant bulk frequency
fon 1s near the resonant shell frequency fi.;;. The theoretical
model used to estimate the shell vibration amplitude is the
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one which predicts elastic deformations of isotropic materi-
als.

In the particular case of the breathing shell mode (vibrations
are only function of the sphere radius), the frequency shift is

defined as
A fbreath N P

fOn N _1 - (fOn/fbreath)2

15)

with

= __Sa (16)

6 10 el U2,

where 7 is the shell thickness, psre;r and uge;; are respectiveley
the density and the longitudinal speed of sound of the shell
[11].
For a resonator of radius a = 0.05 m and thickness ¢ =
10 mm, the frequency of the breathing mode is estimated at
Jorearn = 15886.6 Hz [12].
The frequency shift will be larger when fp, will be close to
Jorearn- This is one of the experimental limits: because of
large shell vibrations, only modes for | fo,/ forearn — 1] > 0.02
are kept. For exemple, the frequency shift due to this effect
on the mode 02 (fy, = 4400 Hz) is below 20 ppm while for
the mode 05 (fys = 13785 Hz), the frequency shift can rise
until 70 ppm. Also, this effect is more important at high static
pressure because of an easier coupling between the gas and
the shell.

2.6 Contribution of the disruptive effects in the
acoustical model

Figure 1 and Figure 2 show the contribution in the acous-
tical model of each effect presented in this section. We can
see in both figures, the importance of a good estimation of
the thermal boundary layers impact on the measurement of
u, presented in the subsection 2.1.
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Figure 1: Effect contributions on the total frequency shift
Afos

100 TBL
s
s
L
°, 05
S
S0
90
01 02 03 04 05 06 07

Static pressure P, MPa

Figure 2: Effect contributions on the widening go3 of the
resonant pic
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3 Apparatus presentation

3.1 The quasi-spherical resonator BCU3

The acoustical resonator used at present at LNE-CNAM,
named BCU3, is a 0.5 L quasi-spherical cavity assembled by
two hemispheres made of copper as shown in Figure 3.

Figure 3: 3D views of BCU3 (left) and BCU3 inside it
cryostat (right)

The inner shape isn’t spherical and is designed as a tri-
axial ellipsoid form, which is defined as

X2 y2 Z2

i +
a2 A2 +e)? 21+ &)

=1, (17)

where £ and &, are excentricities of order 0.001 and 0.0005
respectively, a = a.q/ V(1 + £1)(1 + &), with a,, is the equiv-
alent radius of a perfect sphere of equal volume.

This inner shape has been controlled using a Coordinate Mea-
surement Machine (CMM) [13] and is showed in Figure 4.
Absolute deviations between the designed features and the
practical realization are less than 3 yum. These good agree-

ments were obtained thank the final machining which was
realized with diamond turning.
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Figure 4: Winkel-Tripel projection of the inner BCU3 radius
mesured with CMM

To determine u by measuring the resonant frequency of
the cavity, we need to know the radius a., (Eq.2). The more
accurate method to estimate the equivalent radius volume and
the excentricities is the electromagnetic spectroscopy of the
bulk [2]. Using this technique, it was find a., = 49975.095 um
with an uncertainty u(a.,) = 0.014 um. Also, the excentrici-
ties were determined: &; = 0.001078 and &, = 0.000506.
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3.2 The acoustic BCU3 instrumentation

The resonator is equipped of two microphones; one is

used as transmitter, the other as receiver. Both are 1/4 inch
B&K microphones (type 4939). Their positions are opti-
mized to get a mesurement of the radial mode frequencies
which are the less disturbed by couplings with non-radial
modes [2].
The acoustic source is driven from a frequency generator
(SRS DS335) locked to a rubidium clock (SRS SIM940).
Short frequency sweeps around resonant frequencies are emit-
ted. At each frequency step, the signal from the receiver mi-
crophone is analysed with a lock in amplifier (SRS 830). All
the equipment is controlled, and data are acquired, using a
home-made software which runs under LabVIEW.

3.3 Control of the temperature, the pressure
and the gas purity

Two isotherms using argon gas were performed in 2009.
Figure 5 presents the gas temperature variations and the inner
pressure changes during the second isotherm.

273.17 0.7 4
[a M

v 0.6 =
- 273.165 0.5 &
= 04 ¢
§ 273.16 03 2
(&)

£.273.155 02 &
5 01 2
& 27315 0 &
0 4 8 1216 20 24 28 @

Time, days

Figure 5: Gas temperature T and static pressure P variations
during the second BCU3 isotherm performed at
LNE-CNAM with argon

The right drawing of Figure 1 shows the thermostat used
in order to control the temperature and the pressure near BCU3.
The equipped resonator is positioned inside a pressure vessel
where it is possible to make measurements from 0.05 MPa to
0.7 MPa.

Around this pressure vessel a thermal screen is used to
control the inner temperature. A vacuum vessel surrounds
this device and then, is immersed inside a Dewar flask con-
taining a mix of ethanol and water (7}, < Trpw) to cool
this system to T7pw. We can obtain with this system a drift
smaller than 0.1 mK/h. During the isotherms, the tempera-
ture is controlled with three Capsule Standard Platinum Re-
sistance Thermometer (CSPRT) placed on different positions
of the resonator shell.

Knowing very well the gas molar mass M, is one of the
key point for getting a low uncertainty on kz. Our gas han-
dling system is equipped with a cold trap system which con-
denses gases into a liquid or solid for catching gases impu-
rities different than argon (H,O, Xe, Kr). Another device,
a getter of gas particles, allows us to purify argon gas of
other elements by adsorption (N,, O,, H,O, THC, CO,, H,).
Moreover, impurity measurements were realized; the pres-
ence of others elements could be estamed, 0.52 ppm for He
and 0.29 ppm for Ne [2].

A continous argon flow renews the gas contained within the

127

23-27 April 2012, Nantes, France

resonator. First of all neglected on the acoustic measurement,
the effect of the gas flow was experimentally studied for dif-
ferent static pressures and corrected to zero-flow limit using
an empirical function [2].

Experimental data
5 — f(Q) = 01 + 02|03 — Q1%
0.6 i
04
0.2
0

-0.2
-04;°

Af On / ﬁ)n

.6
0 10 20 30 40 50 60 70 80
Volumic flow Q, cm?.min~!
Figure 6: Gas flow effect on the acoustic measurement, at
P =0.1 MPaand T = 273.16 K. Coefficients Q1, Q,, O3
and Q4 are ajusted using an optimization method

4 Data analysis

The previous step for determining u is to measure pre-
cisely the experimental resonant frequency. It is obtained fit-
ting the experimental data with a Lorentzian function defined
as

iAf

(f?-F?)
where f is the source frequency, V(f) = X(f) + iY(f) is
the complex signal detected by the lock-in amplifier, F =
fon T80, NI,/ 5 1, and gi, are the experimental resonance
frequency and the experimental half-width which best fit the
experimental data. X(f) and Y(f) are respectively the exper-
imental signal in-phase and quadrature-phase. The influence
of the V(f) definition on the determination of fj and g was
studing in this work, in particular, the number of data points
using for the fit, the case when /fs /f = 1 and, simplify-
ing V(f) of it term D. Figure 7 shows typical raw signals
measured for the acoustic mode 03.

V(f) = +B+C(f - fo)+ D(f - fo)?,  (18)

1 T " \/Xz + Y2

0'5/\°X
e Y

-1
7572 7575 7578 7581
Frequency f, Hz

Relative amplitude
=)

Figure 7: Typical raw signals for the acoustic mode 03. Data
points correspond to the experimental signals, and solid
lines to the computed signal magnitude

The next step consists in correcting f; (P, T) of the dis-
ruptive effects described in section 2, in order to determine
u?(P,T). Then, 2" and 3™ polynomial fonctions are used for
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extrapolating u>(P, T) to it zero pressure limit, as shown in
Eq.(1) [2]. Figure 8 shows the comparison between the final
values of kg determined with two isotherms, using six radial
modes for the first isotherm and four radial modes for the
second, with the k5 CODATA recommanded value of 2006.

¢ first isotherm
* second isotherm

0 0
-1 1 o -1 RS
_sz%rfgff4f 1 oF = wi= === 8
-3 : -3
-4 -4 o *
=5 -5
0 10 20 30 0 10 20 30

Eigenvalue zg, Eigenvalue zg,

Figure 8: Final values of kg, with uncertainty bars estimated
from the fit at the zero-pressure limit, determined with the
2" order polynomial function (left) and the 3" order
polynomial function (right), plotted as the fractional
deviations from the 2006 CODATA value. Dashed red lines
represent the k%” average values of each chart, and full red
lines the uncertainties

5 Conclusion

In this work realized at LNE-CNAM, the Boltzmann con-
stant kg was determining with an acoustical method consist-
ing in measuring the speed of sound u in argon. The two
isotherms yield the average value kg = 1.38064774 (171) -
1072 J-K!, i.e. with a relative standard uncertainty of
1.24 - 107, This is the more accurate kg determination made
since the last two decade [3].

In 2011, the CODATA recommended a new value k§OPATA =
1.3806488 (13)- 1072 J-K7!, i.e. with a relative standard
uncertainty of 0.91 - 107°.

Research on this topic is still in progress at LNE-CNAM. At
present, isotherms using helium are performed with BCU3.
As well, a 3.1 L resonator was build and will be use soon in
a new experience, first with argon, then with helium.
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