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The purpose of this presentation is twofold : first, to bring attention to an existing ”direct” layer-peeling (or layer-
stripping) method for bore reconstruction of wind instruments as an alternative to the conventional one in this
field of research. Second, to relate the above to the schwarzian derivative for the corresponding Sturm-Liouville
equation. It could complement the presented algorithm and be useful for the purpose of analysis. These points are
discussed theoretically but the question of practical measurements (input impulse response or input impedance) is
beyond the scope of this work. One contemplated application is to the study of ancient wind instruments, with a
goal of better precision in bore reconstruction.

1 Introduction

The idea from which originated this work was to try to
use a simple property of what is known as the schwarzian
derivative -or schwarzian for short- of a function (see sec-
tion 3), in the context of bore reconstruction of wind instru-
ments. It has relationship with the Sturm-Liouville prob-
lem for second-order differential equations such as the one
appearing in wave propagation in a one dimensional finite
medium. In brief, the schwarzian relates the potential (in the
sense of a Schrödinger-type formulation) of such equations
to the quotient of two independent solutions of the problem.
Once this observation made, the question of how to get these
two solutions remains. There are two possibilities : either
one has access to measured ones or one is able to estimate
them in an indirect manner from other measurements (usu-
ally at the boundary). This lead us to have a look at meth-
ods of inverse scattering for one-dimensional layered media,
as applied to the problem of bore reconstruction. Thus, in
the first part (section 2) is exposed one layer-peeling algo-
rithm [8, 7], a feature of which is to make no use of the re-
flection coefficient to compute the unknown varying diameter
of a pipe but proceeds in a direct way for this task. It does
not seem to have been used in the present context. The sec-
ond part (section 3) of this work exposes the results that we
obtained for the bore reconstruction problem while investi-
gating the schwarzian derivative. It is fair to say that at the
present stage, this part is rather of theoretical interest but we
think that it could be useful for further analysis.
Most of the methods for bore reconstruction that are not opti-
mization-based, now call for a so-called layer-peeling algo-
rithm( [7, 1, 2] and references therein) that originated from
inverse scattering in seismology. It uses a local analysis of
wave propagation that leads to recursive methods of dynamic
deconvolution of signals for identifying layered media. The
central idea is the possibility to determine the nearest scatter-
ing layer from a causal input-output pair recorded at its [the
medium] left boundary [5]. These algorithms have proven to
be more efficient than earlier methods ([19] ; see e.g. [7] for
more references) based on an integral representation which
originated in the work of Gelfand-Levitan [14].
The first purpose of this presentation is to bring attention to
a direct layer-peeling algorithm, in its continuous, differen-
tial setting, that does not proceed through the usual inter-
mediate step of estimating the local reflection coefficients,
from which the radius of a variable section tubular acoustic
waveguide is deduced. Although this last approach is com-
monly used either with time-domain measurements [18, 9] or
frequency-domain ones [12], it is a fact that it can be sensitive
to discontinuities [18, 12], even in the derivative of the bore
section, because, in the continuous setting, the reflection co-
efficient is expressed as a function of the first derivative of the
local impedance function [7], requiring thus the differentia-
bility of this last one. The presented method could give better

results but this has to be confirmed practically. One simple
difference is that an input with regularity not less than that
of a step function is required instead of an impulse. Notice
also that in the context of bore reconstruction for acoustical
pipes, the derivation of a layer-peeling algorithm frequently
assumes that the pipe is made of several cylinders joined to-
gether1. This assumption is not made in the presented algo-
rithm, as its derivation, in its continuous version, starts from
the propagation PDEs.
The method on which we bring attention was exposed in [7]
in a system theoretic fashion, or [8] directly on the field equa-
tions. The results shown in [1, 2] also rely upon algorithms
derived in a general context in [7] while including losses
in the waveguide. Nevertheless, observe that [7] also treats
some situations with losses and [6] considers the case with
noisy data while in [5] a detailed review of layer-peeling al-
gorithms in the discrete situation is presented. The presented
direct method relies upon knowing pressure and volume ve-
locity at the entrance of a wave guide. The basic idea be-
hind time domain measurements is separation of forward and
backward propagating pressure waves. Measuring these two
entities separately is entirely equivalent to measuring pres-
sure and volume velocity [2], as used for frequency-domain
methods [11]. Two different experimental approaches for
getting scatterind data are either pulse reflectometry-based
methods [18, 9], i.e. time-domain ones, or input impedance-
based, i.e. frequency-domain ones [3, 11, 12]. At least the-
oretically, they are equivalent, being a Fourier pair. It is not
our purpose here to discuss the respective pros and conts of
each method in real experiments (see [12, 18, 9]).

2 A direct layer-peeling algorithm

Consider the following first-order system of PDEs :

⎧⎪⎪⎨⎪⎪⎩
∂p
∂x +

ρ

A
∂u
∂t = 0

∂u
∂x +

A
ρc2
∂p
∂t = 0

(1)

that models the plane wave propagation inside a one-dimensi-
onal acoustic wave guide [10] (“telegrapher’s equations”). In
these equations, p(x, t) is the pressure, u(x, t) the volume ve-
locity, ρ the gas density, c the velocity of sound, A(x) the
cross-section area of the tube at abcissa x. A change of vari-
able allows to symmetrize this system : consider the travel
time τ such that cτ = x (c is assumed to be constant in the
medium but this assumption is not necessary, see [8]). The
above PDE system can then be written equivalently as :

⎧⎪⎪⎨⎪⎪⎩
∂p
∂τ
+

cρ
A
∂u
∂t = 0

∂u
∂τ
+

A
cρ
∂p
∂t = 0

(2)

1[1] investigates also the case of conical sections
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or, in matrix notation :
(

p
u

)
τ

+

(
0 ζ

ζ−1 0

) (
p
u

)
t

= 0, (3)

with ζ = cρ
A and indices stand for derivatives with respect

to τ and t. As the medium is assumed at rest before t = 0,
one has p(x, 0) = u(x, 0) = 0, t < 0. One has also boundary
conditions p(0, t) and u(0, t) for which the Cauchy problem
for (3) is well-posed when they are given on t = 0 or x = 0.
Actually in the present context, ζ is unknown, usually p(0, t)
is imposed (e.g. as an impulse or a step function) and u(0, t)
is a measured quantity.
In order to derive the algorithm [7], some changes of vari-
ables are useful. Usually, the state variables p, u are normal-
ized using ζ as :

{
P(τ, t) = p(τ, t)ζ(τ)−1/2

U(τ, t) = u(τ, t)ζ(τ)1/2
(4)

while defining the local reflexion coefficient :

k(τ) = ζ(τ)−1/2
d
dτ

(ζ(τ)1/2) =
1
2

d
dτ

(lnζ(τ)) (5)

in order to get the equivalent system :

{
Pτ + Ut + kP = 0

Uτ + Pt − kU = 0
(6)

Notice that the following relation holds :

p(τ, t)
u(τ, t)

=
P(τ, t)
U(τ, t)

ζ(τ) (7)

Then, the usual forward (F) and backward (B) propagating
waves are obtained as respectively :

⎧⎪⎪⎨⎪⎪⎩
F(τ, t) = 1

2 (P(τ, t) + U(τ, t))

B(τ, t) = 1
2 (P(τ, t) − U(τ, t))

(8)

For this new variables, the first-order PDE system becomes :

{
Fτ + Ft + kB = 0

Bτ − Bt + kF = 0
(9)

This set of PDEs is a possible starting point for the deriva-
tion of layer-peeling algorithms used for bore reconstruction
of wind instruments, ordinarily in a discrete setting. It ex-
plicitely makes the reflection coefficient k appear, due to the
fact that a leading impulse is present in the signal used to
probe the medium. Thus, looking at equation (5), one sees
that differentiability of ζ is required. When passing to the
discrete situation, discontinuities in the derivative of ζ are
likely to pose problems.
The inverse scattering problem is then as follows : assuming
the medium is quiescent at t = 0, a known probing wave-
form F(τ, t) propagates from x = 0 to the right, starting at
t = 0. This waveform is usually an impulse followed by a

piecewise continuous function. The measured data is the left
propagated waveform, recorded at x = 0, B(0, t). With this
data, the problem is to reconstruct ζ(τ). Obviously, one can-
not expect more than getting ζ as a function of τ. But consid-
ering that one can estimate c and ρ, assumed to be constant
in the pipe, A can also be obtained as a function of x. The
algorithm will produce, given the above data at, say, the left
narrow end of the pipe2, an approximation of the local reflec-
tion coefficient, from which an estimate of the local section
A(x) at x can be computed [1] : in the discrete situation, rela-
tion (5) translates to : k = (D2−D1)/(D2+D1) where D2,D1

are respectively the diameter apart a junction of two adjacent
cylindrical sections of the pipe.
But there is another slightly different way to proceed : as-
sume that the probing wave F(τ, t) does not contain a lead-
ing impulse and is a piecewise continuous function starting
at t = 0 (e.g. a unit step function). By causality, one has [7] :

{
F(τ, t) = f (τ, t)Y(t − τ)
B(τ, t) = b(τ, t)Y(t − τ)

(10)

where Y is the Heaviside step function and f , b are piece-
wise continuous functions. We can use then the method of
propagation of singularities [8] : substituting from (10) into
equations (9) and identifying coefficients of functions having
equal regularity, one gets : b(τ, τ+) = 0 for τ+ > τ. Thanks
to the second equation (8) one gets : P(τ, τ+) = U(τ, τ+) and
thus, from (4) :

p(τ, τ+)
u(τ, τ+)

= ζ(τ) (11)

Then, starting from τ = 0 where ζ(0) can be measured and
p(0, t), u(0, t) are measured data too, one can successively
compute p(τ, t) and u(τ, t) from the left end, using equal-
ity (11) and equations (3) successively in a recursive way.
Hence, up to direct estimation of c and ρ, one can directly
reconstruct A(x) in an recursive manner, without the interme-
diate calculation of the reflection coefficient. Another equiv-
alent derivation of the above, directly from the field equa-
tions (3) can be found in [8] where a discrete version of this
algorithm, using the method of characteristics, is also given
and analyzed. It has to be noticed that this algorithm recon-
structs not only ζ (i.e. A) but also the solution of (3) inside
the bore : this will be useful for the analysis in the next sec-
tion. Observe that, as input impedance measurements de-
vices make use of pressure and volume velocity measure-
ments, they could be used in conjunction with the above
method : one just has to “plug” the corresponding algorithm
to an existing set-up.

2see [12] for observations about increased accuracy when measurements
are made from the large side of a horn
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3 Schwarzian of the horn equation

As mentionned in the introduction, the subject of this sec-
tion was the starting point of the presented work. Due to its
very nature, it nevertheless lead to a detour through layer-
peeling algorithms such as presented above. The reason is
that for using the schwarzian derivative [16], one has to know
by some means -measuring or computing- the quotient of two
independent solutions of a Sturm-Liouville equation such as
the one that can appear in the wave horn equation. It appears
then that the following is, at the present stage, rather theoret-
ical, even if the schwarzian can be computed in the course of
the previous layer-peeling algorithm, as it will be shown.
Consider the wave equation for the pressure p inside an ax-
ially symmetric pipe of length L, with variable cross-section
A(x) = πD2(x)/4, x ∈ [0, L] :

1
c2

ptt − pxx − 2
Dx

D
px = 0 (12)

Where p(x) is the pressure3. Applying the Fourier transfor-
mation in time, one gets :

p̂xx + 2 Dx

D p̂x +
ω2

c2 p̂ = 0 (13)

whith p̂(x, ω) the Fourier transform of p(x, t). Equation (13)
is a particular case of the general Sturm-Liouville second-
order differential equation :

yxx(x) + q(x)yx(x) + p(x)y(x) = 0 (14)

According to the theory of this class of equations, the space
of solutions is two-dimensional vector space on the constants,
spanned by any two linearly independent solutions, say y1, y2.
Consider now the so-called schwarzian derivative [16] (or
schwarzian) of a sufficiently regular function f , defined as :

S ( f (x)) =
fxxx(x)
fx(x)

−

3
2

(
fxx(x)
fx(x)

)2

(15)

It has the following property : assume the ratio of two solu-
tions of (14), f = y1

y2
, is known. Then it can be proven that :

S ( f ) = 2p −
1
2

q2
− qx (16)

This does not depend on the particular choice for y1, y2, as
S ( f ) is invariant under homographic transformations. Com-
puting expression (16) for the actual situation described by
equation (13), one gets after straightforward calculations :

1
2

S (
p̂1

p̂2
) =
ω2

c2
−

Dxx

D
(17)

from which the following second-order linear differential equa-
tion for D is obtained :

Dxx(x) =

(
ω2

c2
−

1
2

S (
p̂1

p̂2
)(x, ω)

)
D(x) (18)

3D is chosen instead of A as unknown parameter in order to obtain a
simpler expression for the schwarzian

Now, observe that D(0) can be known by measurement and
Dx(0) can be estimated as well. In the case of usual wind
instruments, the first part ot the pipe is usually close to a
cylinder so that Dx(0) ≈ 0. As (18) is a second order lin-
ear differential equation with variable coefficient defined on
[0, L], it can theoretically be solved. One possible use of this
equation is for theoretical analysis of the results coming from
the layer-peeling algorithms, that will be the subject of future
work. Remember also that the so-called inverse method of
design [13] proceeds using a direct inversion of (13) :

d ln A
dx

= 2
Dx

D
= −

p̂1,xx +
ω2

c2 p̂1

p̂1,x
(19)

for one given solution and given boundary conditions. Hence,
equations (18), (19) must be compatible, which can be checked.
Notice that both equations separate the geometry of the bore
(D and its derivatives) from what concerns solutions (p̂1, p̂2).
One interest of (18) is that it makes appear the horn function
D
′′

/D that contains complete information about the shape
of the horn [4]. One simple application of (18) can be for
smoothing the cross-section A(x) estimated through the layer-
peeling algorithm of section 2.

3.1 On the computation of the schwarzian

One details how to compute the schwarzian, from the
only knowledge of the causal input-output scattering data for
the layer-peeling algorithm of section 2. It has been seen
that the outputs of this algorithm are p1(τ, t) and u1(τ, t)4 the
Fourier transform of which are p̂1(τ, ω) and û1(τ, ω), together
with ζ(τ). Remembering the results of [13] ([15] gives the
general result for equation (14)), one knows that from p̂1 a
second solution p̂2 can be obtained as :

p̂2(τ, ω) = p̂1(τ, ω)
∫ τ

0

ds

A(s) p̂2
1(s, ω)

ds (20)

in order to get the complete solution of (13) as :

p̂(τ, t) = αp̂1(τ, ω) + βp̂(τ, ω) (21)

Thus the quotient of two linearly independent solutions, re-
quired to compute the schwarzian is :

p̂1

p̂2
(τ, ω) =

∫ τ

0

ds

A(s) p̂2
1(s, ω)

ds (22)

Notice that only the derivatives of this quotient are needed
(see equation (15)). Thus computing the schwarzian needs
only to know :

(
p̂1

p̂2
)x(τ, ω) =

1

A(τ) p̂2
1(τ, ω)

(23)

and this can be computed recursively from the outputs A
(from ζ) and p1 of the layer-peeling algorithm.

4Index 1 stands for one particular solution
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4 Conclusion

The direct layer-peeling algorithm presented here should
be compared to the usual algorithms making based on the
local reflection coefficient. This is straightforward as the
algorithm uses the same measurements as input impedance
measurements. Because of its well-investigated mathemati-
cal properties, one interest in using the schwarzian derivative
is the possibility to analyze results coming from simulations
or experiments, in conjonction with the direct layer-peeling
algorithm that has been presented. One hope is the possible
implications for the analysis of reconstructed bores in terms
of musical characterization. But all this has to be investigated
in more details, together with simulations and experiments,
to prove its real efficiency and usefulness for practical bore
reconstruction.
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