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Tonal noise from fans mainly comes from the periodic unsteady blade forces and/or vane forces due to the inter-
action between the rotor and its environment. To distinguish the different interactions leading to tonal noise in the
acoustic spectrum, this paper presents an original method consisting of rotating a quasistatic part, e.g. a stator or an
obstruction in the environment of the rotor. An analytical model has been developed to take into account relative
rotation motions between a number of rotors. This model shows that the acoustic radiation due to the interaction
between a rotating stator and the rotor shifts in the spectrum at frequencies ω = mB(k)Ω(k) − nΩ(l), where m is the
harmonic order, B(k) is the number of rotor blades, Ω(k) is the angular velocity of the rotor, Ω(l) is the angular veloc-
ity of the moving quasistatic part and n is the order of the unsteady forces decomposed in circumferential Fourier
series. Using this modulation effect, every circumferential mode n radiates at different frequency in the acoustic
spectrum. The radiation due to the interaction between the rotor and all the other static components remains at
frequencies mB(k)Ω(k).

1 Introduction
Fans are composed of a rotating part and statoric parts.

The fluid interaction between the various components of the
fan lead to fluctuating forces on the rotor blades and on the
fixed parts. According to the Ffowcs-Williams and Hawk-
ings analogy, the surface forces can be seen as a distribution
of elementary dipoles. For subsonic fans, tonal noise mainly
comes from the periodic forces on the rotor blades and the
forces on the other static parts of the fan (e.g. stator). As de-
rived in analytical models and measured experimentally, the
tonal noise emitted by every component of the fan system ra-
diates at the Blade Passage Frequency (BPF) and its harmon-
ics [1-8]. This coincidence make difficult the discrimination
of tonal noise sources.

This paper aims at giving new analytical and experimen-
tal tools to discriminate the sources of tonal noise emitted
from the fan system. The approach proposed in this paper
consists of rotating one of the fixed part of the fan to create
tonal noise modulation. The analysis of the frequency shifts
caused by this modulation can lead to source discrimination
(stator, rotor, environment) and gives information about the
circumferential modal content of the forces responsible for
tonal noise.

The analytical formulation is first developed and illus-
trated by simulation results. Then experiments involving a
rotating rectangular obstruction interacting with an axial fan
is presented.

2 Analytical model for tonal noise mod-
ulation

2.1 Formulation

Figure 1: Coordinate system.

In this section, the acoustic pressure field radiated by K
coaxial rotors in free field is derived. We consider that only
aerodynamic forces on the fan blades radiate sound for low
speed fans [1][2][3][4], therefore quadripolar and monopo-
lar sources are neglected. The blade force sources are con-
sidered concentrated on a mean radius R0. This is typically
valid as long as the acoustic wavelength of the emitted sound
is much larger than the radial extent of the blade span. The
main source in the Ffowcs Williams and Hawkings analogy
for subsonic fans is therefore the dipolar term associated with
the distribution of forces applied by the blades on the fluid
[3]. Periodic forces lead to discrete tone generation while
random forces lead to broadband noise. In either case, the
acoustic pressure radiated by a compact rotating dipole can
be expressed as follows in the frequency domain (Cf. Fig.
1):

p̃(x, ω) =
iω

8π2c0

∫ +∞

−∞

FR′

R′2
eiω(τ+R′(τ)/c0)dτ (1)

where x = (R, θ, φ) is the reception point in spherical coordi-
nate, τ is the emission time, ω is the angular frequency, c0 is
the speed of sound. The point force vector F is defined by its
component along the cartesian referential (e1, e2, e3) of the
source, where e3 is the axial direction of the fan and (e1, e2)
belongs to the plane of rotation:

F = [Fr cos(Ωτ + φ0) − Ftθ sin(Ωτ + φ0), (2)
Fr sin(Ωτ + φ0) + Ftθ cos(Ωτ + φ0), Fa]

where the indices r, t and a denotes the radial, tangential
and axial direction of the forces in the cylindrical referential
respectively and φ0 is the circumferential angle of the dipole
point at τ = 0. In Eq. (1), the distance vector R′ between the
emitter and the receiver is defined by:

R′ = R − R0 = [R sin θ cosφ − R0 cos(Ωτ + φ0), (3)
R sin θ sinφ − R0 sin(Ωτ + φ0),R cos θ]

where R is the scalar distance between the origin and the re-
ceiver and R0 is the scalar distance between the origin and
the emitter, as shown in Fig. 1. Using the far field ap-
proximation R′ = R − R0 sin θ cos(Ωτ − φ + φ0), replacing
F and R′ in Eq. (1) and using the Jacobi-Anger expansion
eia cosψ =

∑+∞
ν=−∞(i)νJν(a)eiνψ lead to the following expression

of the acoustic pressure:

Proceedings of the Acoustics 2012 Nantes Conference23-27 April 2012, Nantes, France

3782



p̃(x, ω) =
iωeiωR/c0

4πc0R

+∞∑
ν=−∞

(−i)νeiν(φ−φ0) (4)

×
[
i sin θJ′ν

(
ωR0 sin θ

c0

)
F̃r(ω − νΩ)

+

(
cos θF̃a(ω − νΩ) − νc0F̃t(ω − νΩ)

ωR0

)
Jν

(
ωR0 sin θ

c0

)]
where Jν is the ordinary Bessel function of order ν and its
derivative J′ν(a) = 1

2 (Jν−1(a) − Jν+1(a)).
The Fourier transform of a periodic force acting on the

bth blade of a B−bladed rotor can be expressed as:

F̃(ω) =
+∞∑

n=−∞
Fne−in 2πb

B δ(ω − nΩ) (5)

where the initial phase φ0 is replaced by 2πb/B+ φ(b)
0 for the

bth blade (with φ(b)
0 = 0 for a sake of simplicity) and Fn are

the Fourier circumferential coefficients given by :

Fn =
Ω

2π

∫ 2π/Ω

0
F(t)einΩtdt (6)

where n is the circumferential order of the blade force.
If the kth row, rotating at angular velocityΩ(k) experiences

forces due to the lth row rotating at Ω(l), then Ω = Ω(k) −Ω(l).
Inserting Eq. (5) into Eq. (4) and considering B(k) blades
equally spaced in the kth rotor row, the acoustic radiation of
the kth row due to the interaction with the lth row can be ex-
pressed by:

[
p̃(x, ω)

](k)←(l)
=

+∞∑
n=−∞

+∞∑
ν=−∞

B(k)∑
b=1

iωeiωR/c0

4πc0R
(−i)νeiνφe−i(n+ν) 2π

B(k) b

×
[
i sin θF(k)←(l)

r,n J′ν

(
ωR0 sin θ

c0

)
(7)

+

(
cos θF(k)←(l)

a,n − νc0

ωR0
F(k)←(l)

t,n

)
Jν

(
ωR0 sin θ

c0

)]
where F(k)←(l)

a,n , F(k)←(l)
t,n , F(k)←(l)

r,n are the nth mode of the axial,
tangential and radial components of the forces respectively
and ω = n

(
Ω(k) −Ω(l)

)
+ νΩ(k).

Considering that the unsteady loading is the same on each
blade and since

∑B(k)

b=1 e−i(n+ν)(2π/B(k))b =
∑+∞

m=−∞ B(k)δ(n + ν −
mB( j)) is null if ν , mB(k) − n, the acoustic pressure field due
to forces acting on the kth rotor blades coming from a lth rotor
periodic flow is :

[
p̃(x, ω)

](k)←(l)
=

+∞∑
m=−∞

+∞∑
n=−∞

iωeiωR/c0 B(k)

4πc0R
(−i)(mB(k)−n)ei(mB(k)−n)φ

×
[
i sin θF(k)←(l)

r,n J′mB(k)−n

(
ωR0 sin θ

c0

)
(8)

+

(
cos θF(k)←(l)

a,n − (mB(k) − n)c0

ωR0
F(k)←(l)

t,n

)
×JmB(k)−n

(
ωR0 sin θ

c0

)]
with ω = mB(k)Ω(k) − nΩ(l).

Finally, if the acoustic pressure field radiated by K radiat-
ing rotors due to flow disturbances originating from L rotors

can be linearly superimposed, the total pressure field can be
written:

p̃(x, ω) =
K∑

k=1

L∑
l=1

[
p̃(x, ω)

](k)←(l)
(9)

2.2 Comparison to other models
This formulation is consistent with the tonal noise model

presented in [5] for Counter Rotating Open Rotors (CROR),
if the forward flight speed is neglected. In this case, B(k)

and B(l) are the rear-rotor and front-rotor numbers of blades
respectively and Ω(k) and Ω(l) are the rear-rotor and front-
rotor angular velocities respectively. Eq. (8) can be used
to calculate the sound radiated by the rear-rotor caused by
the periodic wakes shed by the front rotor by replacing n by
nB(l), since the circumferential harmonic content of the front
rotor wake are integer multiples of the front-rotor number of
blades B(l), thus ω = mB(k)Ω(k) + nB(l)Ω(l) (where the sign +
comes from the counter rotation of the rotors).

If the radial forces are neglected, Eq. (8) is also consis-
tent with Lowson’s model for compressor stages [1], for both
noise radiation from the rotor and the stator. In the case of
stator/rotor interaction noise: Ω(l) = 0, thus ω = mB(k)Ω(k),
which means that all the circumferential orders of the force
radiate at the same frequencies. Moreover, since the circum-
ferential harmonic content of the stator wake are integer mul-
tiples of the number of the stator vanes B(l), n can be replaced
by nB(l).

In the particular case of rotor/stator interaction (Ω(k) = 0),
the circumferential order n of the forces exerted on the non-
rotating kth row due to the rotating B(l)−bladed lth row be-
comes nB(l), thus ω = −nB(l)Ω(l) and the acoustic pressure
radiated by row (k) due to the interaction with row (l), pro-
vided by Eq. (8), is equivalent to the analytic formulation of
stator noise given by Lowson [1].

The proposed formulation is also equivalent to the load-
ing noise model developed in [6] for centrifugal fans (if only
one row rotates).

Thus, the noise radiation from a rotor, a stator or a CROR
and from axial or centrifugal fans are particular cases of the
multi-row rotors derived in this section.

2.3 Discretization
In order to perform simulations, Eq. (8) is discretized as

follows:



p(k)←(l)
ω1
...

p(k)←(l)
ω j
...

p(k)←(l)
ωJ


=



H̄ω11 . . . H̄ω1i . . . H̄ω1I
...

...
...

H̄ω j1 . . . H̄ω ji . . . H̄ω jI
...

...
...

H̄ωJ1 . . . H̄ωJi . . . H̄ωJI





F̄(k)←(l)
n1
...

F̄(k)←(l)
ni
...

F̄(k)←(l)
nI


(10)

with :

H̄ω ji = [Hr,ω ji,Ht,ω ji,Ha,ω ji]

where the subscripts a is for axial, t for tangential, r for
radial, ω for the acoustic frequency, j for the discretized
acoustic field point, n for the circumferential order of the
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force (also called mode order in the following) and i for the
index of the radial discretization of the row (k)

Hr,ω ji = Hω j sin θ jJ′mB(k)−n

(
ωR0i sin θ j

c0

)
(11)

Ht,ω ji = Hω j
(mB(k) − n)c0

ωR0i
JmB(k)−n

(
ωR0i sin θ j

c0

)
(12)

Ha,ω ji = Hω j cos θ jJmB(k)−n

(
ωR0i sin θ j

c0

)
(13)

with :

Hω j =
iωeiωR j/c0 B(k)

4πc0R j
(−i)(mB(k)−n)e−i(mB(k)−n)φ j

and:

F̄ni =

Fr,ni

Ft,ni

Fa,ni


From Eq. (10), there is a little gap to use this model to es-

timate the unsteady forces from measured acoustic pressure
following the procedure described in [7].

2.4 Simulation

n=B−1

n=B+1

n=B

e
3

e
2

No radiation

e
1

Axial forceTangential ForceRadial Force

Figure 2: Simulated directivities from Eq. (10). Left to
right: F̄n1 = [1N, 0, 0]T , F̄n1 = [0, 1N, 0]T ,

F̄n1 = [0, 0, 1N]T . Up to down: n = B − 1, n = B, n = B + 1

Fig. 2 illustrates the radiation directivities from the row k
caused by its interaction with the row l. The same linear scale
is used for all directivity patterns. The downstream row has
B(k) = 9 blades. The upstream row l is assumed to generate
radial, tangential or axial forces on the row k. The row k was
discretized into a single radial location (I = 1) at R0 = 5 cm.
The far-field acoustic pressure was calculated using Eq. (10)
at J equally spaced points on a spherical surface centered on
the fan. To respect the far-field condition, the ratio between
the radius of the sphere and the radial location of the sources
was R/R0 = 100, Ω(k) = 50 rad.s−1, Ω(l) = 1 rad.s−1 and m =
1. The radiations were calculated for unitary radial forces
F̄n1 = [1N, 0, 0]T (left of Fig. 2), unitary tangential forces
F̄n1 = [0, 1N, 0]T (middle of Fig. 2) and unitary axial forces
F̄n1 = [0, 0, 1N]T (right of Fig. 2) for B − 1 ≤ n ≤ B +
1. The radiation from unitary forces having circumferential
order n < B − 1 and n > B + 1 are not presented in Fig. 2,
since their radiations are negligible for the parameters chosen
in this simulation. Fig. 2 shows that radial and tangential
forces exhibits almost the same ”donut” directivity patterns
for n = B − 1 and n = B + 1 (the magnitude is null along

e3, i.e. in the axial direction) and their radiation are low or
null for n = B. The radiated directivity from axial forces is
an axial dipole for n = B, but the radiation of axial forces are
low for n = B − 1 and n = B+ 1. In practice, the axial forces
must be dominant for a well-designed axial fan.
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Figure 3: Acoustic pressure p(k)←(l)
ω j as a function of the

dimensionless frequency ω/(BΩ(k)) at xj = (R, π/4, 0) for
F̄n1 = [0.2N, 0.3N, 0.5N]T∀n ∈ [B − 1, B + 1]. Left:SPL,

right:phase. Up to down : Ω(l)/Ω(k) = [0, 0.1, 0.2, 0.3].

Fig. 3 illustrates the frequency shifts due to the relative
rotational speed of rows k and l for various ratio Ω(l)/Ω(k),
with Ω(k) = 50 rad.s−1 and m = 1. The far field location
point was (5, π/4, 0) so that radial, tangential and axial forces
radiate. The force vector was F̄n1 = [0.2N, 0.3N, 0.5N]T .
The larger Ω(l)/Ω(k), the spreader the modulated frequency
content. The left, middle and right frequency peaks shown
in Fig. 3 correspond to the circumferential orders n = B +
1, n = B and n = B − 1 respectively. For Ω(l) = 0, all
the circumferential orders of the force interfere at the blade
passage frequency BΩ(k).

3 Experiments
A rectangular obstruction (Fig. 4) is proposed to evaluate

the ability of the modulation method proposed in this paper,
to reveal the modal content of the forces generated by an in-
teraction between an obstruction and a rotor.

3.1 Set up
In the experiments, the multi-row configuration was (from

upstream to downstream, Cf. Fig. 4):

• Row 1: Asymmetric stationary Inlet, Ω(1) = 0

• Row 2: Rotating obstruction, Ω(2) , 0

• Row 3: Rotor, Ω(3) , Ω(2)

• Row 4: Stationary radiator, Ω(4) = 0

The stationary inlet flow is considered as a first equivalent-
row. The rotor wake that impinges on the radiator and the
non-homogeneous flow coming from the inlet (except from
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Figure 4: Multi-row configuration

the rotating obstruction) produces sound radiation
[
p̃p(x, ω)

](4)←(3)

and
[
p̃p(x, ω)

](3)←(1)
respectively, at frequencies mBΩ(3).

The rotating obstruction wakes impinging on the rotor
produce sound radiation

[
p̃s(x, ω)

](3)←(2) at frequencies mBΩ(3)−
nΩ(2).

Assuming linear superposition of the sound radiations,
the total sound radiation occurs at the frequencies mBΩ(3)

and mBΩ(3)−nΩ(2). Therefore, sound radiation coming from
the rotating obstruction can be distinguished in the frequency
response of the total sound field providedΩ(2) , 0 andΩ(2) ,
Ω(3).

A largely subsonic fan rotating at Ω(3) = 43rad.s−1 was
installed in the hemi-anechoic chamber with foam on the
ground to prevent the strong effect of the ground reflection
on the tonal noise radiation. The rotor had B(3) = B = 9 reg-
ularly spaced blades and the tip Mach number is Mt = 0.04.
On the upstream side of the fan, a positioning device allows
for the rectangular obstruction to be moved in the azimuthal
direction. The obstruction was made of Plexiglas.

The sampling frequency of the sound pressure acquisi-
tion system was set to 44100 Hz. A sufficiently long time
window T =20s of the measured far field sound pressure was
used, in order to obtain a spectral resolution (∆ f = 0.25 Hz
for 5 averages) sufficient to separate the frequencies in the
spectra. Moreover, order tracking of the time signals were
performed to concentrate the energy in the averaged blade
passage frequency, in order to avoid the frequency spreading
of the BPF tone due to irregularities in the rotational speed
of the fan induced by the electrical motor. The azimuthal ve-
locity of the obstruction was Ω(2) = 2π rad.s−1 (in the same
direction as the rotor), so that the frequencies radiated by the
interaction between the rotating obstruction and the rotor are
shifted to the left in the acoustic spectrum. This frequency
shift was large enough for the two tones to be well separated
in the sound pressure frequency response.

3.2 Results
The modulation spectrum around BPF is presented in Fig.

5-a. As expected, the modulation spectrum is single-sided.
The radiation at BΩ(3) is caused by the interaction between
the rotor and its fixed environment. This frequency is tra-
ditionally called blade passage frequency (BPF). The fre-
quency content caused by the modulation are spread around
the central frequency BΩ(3) − BΩ(2), that corresponds to the

370 375 380 385 390 395
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(d

B
)

 

 

B+1 B−1

10 dB
B

Ω(2)/2π B(3)Ω(3)/2π
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750 755 760 765 770 775 780 785
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S
P

L 
(d

B
)

10 dB

2B
2B−1

2B+1

Ω(2)/2π 2B(3)Ω(3)/2π

(b)

Figure 5: Modulation spectrum, a) around BPF and b)
around 2BPF. Black dotted line : microphone in the axial
direction and grey plain line : microphone in the radial

direction

radiation of the Bth mode of the unsteady blade forces. The
B-mode radiation is higher in the axial direction than in the
radial direction. The intense radiation of this mode in the
axial direction can be anticipated from Eq. (8) and from the
directivities illustrated in Fig. 2. However, a small effect of
the mode B is observed in the radial direction (11 dB less
than in the axial direction), which is not predicted by the free
field theory. As expected, the radiation of the modes (B − 1)
and (B + 1) contribute to the radiation in the radial direction.
The modes (B − 1) and (B + 1) also contribute to the in-axis
radiation, which is not expected by the model proposed in
this paper. Similar trends have been observed for a (B − 1)
sinusoidal obstruction in [8]. These non-expected acoustic
contributions may be explained by free field conditions that
are not fully respected due to the presence of a large radia-
tor in the downstream flow field of the fan, which can act as
a diffracting screen or as an aeroacoustic source (non axial).
Several acoustic signatures of modes n < B−1 and n > B+1
can be seen in the spectrum shown in Fig. 5-a, however, their
contribution are small. This can be explained by the Bessel
functions in Eq. (8). They act as spatial band pass filters cen-
tered on circumferential order mB, for the Bessel function
JmB(k)−n(.), and centered on order (mB − 1) and (mB + 1), for
the derivative of the Bessel function (J′mB(k)−n(.)). The band
pass filters are sharp for small argument of the Bessel func-
tions and are smooth for large argument. This spatial band-
pass filtering explain the ”bell shape” centered on frequency
BΩ(3) − BΩ(2) in the acoustic spectra shown in Fig. (5-a).

The modulation spectrum around 2BPF is presented in
Fig. 5-b. The radiation at 2BΩ(3) is caused by the interaction
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between the rotor and its fixed environment. The frequency
content caused by the modulation are spread around the cen-
tral frequency 2BΩ(3) − 2BΩ(2), that corresponds to the radi-
ation of the mode 2B of the unsteady forces. The radiation
of the mode 2B is higher in the axial direction than in the
radial direction, as expected in Eq. (8). However, as in the
case of the BPF radiation, a small effect of the mode 2B is
observed in the radial direction (7 dB less than in the axial
direction), which is not predicted by the free field model. As
expected, the mode (2B − 1) has a high contribution to the
acoustic radiation in the radial direction and a small contri-
bution in the axial direction. Surprisingly, the mode (2B+ 1)
has a strong contribution to acoustic radiation in the axial di-
rection and a small contribution in the radial direction. The
low contribution of the mode 2B + 1 at the radial acoustic
measurement point can comes from destructive interference
between the radial and the tangential force radiations; and
the non-expected acoustic contributions of the modes (2B-1)
and (2B+1) at the axial acoustic measurement point may be
explained by free field conditions that are not fully respected,
due to the presence of a large radiator in the downstream flow
field of the fan. As shown before for the BPF modulation, the
spatial band-pass filtering caused by the Bessel functions in
Eq. (8) can explain the ”bell shape” of the spectrum centered
on frequency 2BΩ(3) − 2BΩ(2) in Fig. (5-b).

The modes B−1, B and B+1 of the unsteady forces gen-
erated by the rectangular obstruction/rotor interaction mostly
contribute to the noise radiation around BPF and the modes
(2B − 1), 2B and (2B + 1) mostly contribute to the noise ra-
diation around 2BPF.

One have to keep in mind that as long as the obstruction
location is fixed, every mode of the unsteady forces gener-
ated by the interaction between the obstruction (or a stator)
and the rotor (that radiate sound at different frequencies when
the obstruction is rotated) interfere, as illustrated in Fig. 3, to
radiate at the BPF and its harmonics.

4 Conclusion
To distinguish the different interactions leading to tonal

noise in the acoustic spectrum, an original approach has been
presented in this paper, consisting of rotating a quasistatic
part (e.g. an obstruction or a stator). An analytical model has
been developed to take into account relative rotation motions
between a number of rotors, based on the rotating dipole for-
mula. This model shows that the acoustic radiation due to
the interaction between a rotating row l and the rotor (row k)
shifts in the spectrum at frequencies mBΩ(k) − nΩ(l), where
Ω(k) and Ω(l) are the rotational speed of rows k and l respec-
tively and n is the order of the unsteady forces decomposed in
circumferential Fourier series. Using this modulation effect,
every circumferential modes n radiate at different frequencies
in the acoustic spectrum. The radiation due to the interaction
between the rotor and all the other static components remains
at frequencies mBΩ(k). The two analytical models proposed
by Lowson [1], conventionally used to calculate rotor noise
and stator noise, have been unified so that a stator can be seen
as a ”non-rotating rotor”. Reciprocally, a rotor can be seen
as a ”rotating stator”.

The acoustic modulation effect can be used to estimate
the circumferential modal content of the unsteady blade forces,
generated by the interaction between a stator and a rotor, that

radiates noise. Based on this modal content, the control of the
most radiating circumferential orders can be targeted. The
modulation effect also provides a method to identify the sec-
ondary noise generated by the interaction between a rotor
and an upstream control obstruction designed to target one
or more modes [8].

The discretization of the modulation equation can lead
to better conditioned inverse problems to estimate the aeroa-
coustic tonal noise sources from measured far field acoustic
pressures. Since every circumferential order of the unsteady
forces radiates at different frequencies, the formulation pro-
posed in this paper allows low-rank matrices to be inverted,
with better conditioning number. Thus, less microphones are
needed to measure the radiated sound field.
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