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To investigate the dispersion behavior of sediment sound speeds, broadband sound speed measurements
are required. Sediment sound speed dispersion models predict the largest sound speed variations
typically at low frequencies. Aircraft flyover noise acquired on receivers placed in sediment proved to
be a promising approach towards broadband low-frequency measurements. Since the Doppler shift
depends on sound speed at the receiver position, it can be used to derive the sound speed. We propose
a new approach using the entire time series instead of employing only the two observed frequencies at
approaching and departing. It is based on a model for received signals, accounting for the Doppler
shifted frequency. By maximizing the match between modeled and measured time series as a function
of sound speed and frequency in a least-squares framework, estimates of the frequency-dependent sound
speed are obtained. The method is applied to data acquired at receivers placed in air, water and
sediment. Statistical tests indicate that the marine sediment sound speed depends indeed on frequency,
i.e. sound speed decreases significantly below 300 Hz. A comparison is made with a modified viscous
fluid model from which realistic values for the geotechnical parameters of the sediment were obtained.

1 Introduction

In Ref. [1] a novel approach is presented in which sound
speeds at receiver positions in air, water and sediment,
are estimated using airplane flyover noise. The method
employs the Doppler shifts as observed in the received
noise. Since the magnitude of the Doppler frequency
shift depends on the sound speed at the receiver posi-
tion, the observed Doppler shift can be used to derive
values for the sound speed. Fourier analysis is employed
to determine the Doppler shifted frequencies when the
airplane is far away and approaching the receiver, and
when it is far away and departing from the receiver. In
[1] expressions are presented where the prevailing sound
speed can directly be derived from the difference be-
tween the two above mentioned frequencies.

Here we propose an alternative approach. Instead
of employing the frequencies at time instants where the
airplane is at a large distance from the receivers, here
the entire time series will be employed. A model for
the received time series is adapted. By maximizing the
match between modeled and measured time series as a
function of sound speed and frequency, an estimate of
sound speed as a function of frequency is obtained. The
method is applied to data acquired at receivers placed
in air, water and sediment as provided by [2]. The re-
sulting curves for the receiver placed in the sediment
are then compared with model outcomes. The model
employed is described by [3] and predicts the sediment
sound speed dispersion behavior as a function of sedi-
ment geotechnical parameters.

2 Methodology

2.1 Optimization problem

We aim to determine the sound speed in the air, wa-
ter, and sediment for different frequencies using a least-
squares power spectrum density (PSD) function. The
PSD is a function of two arguments: the frequency and
the sound speed in the media. A two dimensional search
method in which the power spectrum achieves it maxi-
mum value is presented.

Assume that we are given the time series y =
[y1, ..., ym]T , which is the power of the received sound
at a receiver placed in the air, water, or sediment (a
zero-mean time series). To determine the sound speed
in a medium for an individual frequency ωj , we write

the time series y as an individual trigonometric term

E(y(ti)) = aj cos ωd
j ti + bj sin ωd

j ti, i = 1, ...,m (1)

where E is the expectation operator, y(ti) = yi is the
observable at time instant ti, ωd

j = ωd
j (t) is the Doppler

shifted frequency of the original frequency ωj (t is mea-
sured in the receiver time frame—see Eq. 8), and aj

and bj are unknown coefficients. This expression indi-
cates that the observations are expressed as a sinusoidal
wave in which its frequency changes over time due to
the Doppler effect. The relation between ωj and ωd

j is

ωd
j =

ωj

1− v
cn

cos θn
, n = 1, 2, 3 (2)

where v is the speed of the aircraft in the horizontal,
cn, n = 1, 2, 3 are the sound speeds in the three me-
dia considered, and θn are the corresponding elevation
angles at the time of transmission ([1]); see Fig. 1.

Let us now consider a single medium (air, water
or sediment), with cj being the sound speed in that
medium at frequency ωj . We can rewrite Eq. (1) in
a matrix form as E(y) = Ad

jxj , where

Ad
j =











cos ωd
j t1 sinωd

j t1
cos ωd

j t2 sinωd
j t2

...
...

cos ωd
j tm sinωd

j tm











and xj =

[

aj

bj

]

(3)

The frequencies ωj and sound speeds cj (and corre-
spondingly Ad

j ) are obtained by solving the following
minimization problem:

ωj , cj = arg min
ωj ,cj

||y −Ad
jxj ||

2 = arg min
ωj ,cj

||P⊥

Ad
j

y||2 (4)

where ||.|| = ((.)T (.))1/2 is the norm of a vector, and
P⊥

Ad
j

= I−Ad
j (A

d T
j Ad

j )
−1Ad T

j is an orthogonal projector.

The above minimization problem is equivalent to the
following maximization problem [4]:

ωj , cj = arg max
ωj ,cj

yT Ad
j (A

d T
j Ad

j )
−1Ad T

j y (5)

Therefore, for each frequency ωj and sound speed cj

considered we can determine the power spectrum of the
zero-mean time series using the identity

P (ωj , cj) = yT Ad
j (A

d T
j Ad

j )
−1Ad T

j y (6)

Acoustics 08 Paris

3278



which conforms Eq. (5) and should be maximized over
the frequency of the sound and the sound speed in the
medium considered. Given an arbitrary frequency ωj ,
the sound speed can be obtained using the following
maximization problem

cj = arg max
cj

yT Ad
j (A

d T
j Ad

j )
−1Ad T

j y (7)

Analytical evaluation of this maximization is com-
plicated. In practice, one has to be satisfied with nu-
merical evaluation. A plot of spectral values P (ωj , cj)
versus a set of discrete values for cj is used as a tool to
investigate the contribution of different sound speeds in
the construction of the observed time series. In other
words, for each (discrete) frequency ωj the power spec-
trum P (ωj , cj) is obtained as a function of the discrete
values for cj . The cj value for which the power spectrum
achieves its maximum is considered to be an estimate for
the sound speed in the medium considered.

In an ideal case where the original frequencies ωj

of harmonic functions are known (for example when the
exact propeller frequency and its harmonics are known),
the search method is limited to find the sound speeds
for those frequencies. This however does not hold in
reality. In practice, one has to be satisfied with a set of
high-power frequencies around the original frequencies.

2.2 Doppler shifted frequency

Since the data set is measured in the receiver time frame,
i.e. time of reception t at the microphone or hydrophone,
it is important to reformulate the expression of ωd

j ac-
cordingly. For the measurements at the microphone,
the Doppler shifted frequency given in Eq. (2) can be
expressed as ([1])

ωd
j =

ωj

1− (v/c)2

(

1−
v2t

c1

√

(vt)2 + (v/c)2h2
1

)

(8)

where h1 is the altitude of the aircraft above the mi-
crophone, and t is measured in the receiver time frame
such that t = 0 is the time at which the aircraft is ex-
actly above the receiver. This equation shows how the
Doppler shifted frequency ωd

j (of original frequency ωj)
changes over time t. To obtain the sound speed in air,
we will have to assume the terms v, h1 and t = 0 to
be known. Therefore, any error in these parameters will
directly affect our estimate.

For the water and sediment such a closed form ex-
pression does not exist. We will solve for the angles θ2

and θ3, used in Eq. (2), by an iterative Gauss-Newton
method. In order to relate the time of reception t to the
angle θw at the air-water interface (see Fig. 1), and then
θ2 and θ3 at the water or sediment phone, respectively,
we derived a series of expressions based on geometric
considerations and employing Snell’s law of refraction.
The expressions are not presented here.

2.3 Strategy for sound speed estimation

Having obtained the Doppler shifted frequencies (of an
original frequency ωj) for different time instants mea-
sured in the receiver time frame, it is now possible to
obtain the matrix Ad

j in Eq. (3) and then the power

Figure 1: Schematic of measurement configuration.

spectrum of P (ωj , cj) from Eq. (6). We then repeat
the same procedure but now for different discrete values
of cj ’s symmetrically distributed around the expected
values (for example, when considering the microphone
data, we let the sound speed change from 315 m to 375 m
with a step size of 0.2 m). This results in a power spec-
trum density function given at discrete sound speeds. In
principle the sound speed at which this power spectrum
achieves its maximum value is considered as the correct
sound speed. We now consider a new frequency ωj . The
same procedure is repeated to obtain yet a new sound
speed for this frequency.

There are two issues concerning this strategy that we
need to deal with. The first issue is that the frequencies
ωj of the harmonic functions are only ideally known. In
practice, it is impossible to specify an individual value
for the exact propeller frequency and its harmonics. We
then have to be satisfied with a set of high-power fre-
quencies around the original frequencies. We have con-
sidered the whole range of frequencies from 1 Hz to 1000
Hz with step size of 0.1 Hz. For each propeller frequency
(and its harmonics) a set of frequencies (those that have
the largest mean powers) is then considered. For each
of these close frequencies a sound speed is obtained (at
the maximum power) and then the average is used as
its final estimate.

The second point is that the power spectrum (as
a function of the sound speed) does not have always
only one clear peak, but sometimes a few peaks. Such
a behavior is probable to occur due to external effects
like e.g. multipath error. As a remedy, we suggest to fit
a second order polynomial to the power spectrum and
find its maximum. Figure 2 shows typical examples of
one- and two-peak power spectra along with their second
order polynomials fitted by the least-squares method.
The peaks can be uniquely determined in this case.

3 Results and discussions

3.1 Results on sound speed

For testing the proposed approach, we have used two
sample recordings made by Buckingham in 2003 on two
different airplanes ([2]): the Cessna 172SP and the Dia-
mond Star. The Cessna was flown at altitude of 244 m
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Figure 2: Power spectrum (solid curve) as a function of sound speed for two typical frequencies; one-peak spectrum
(left), two-peak spectrum (right). Dashed curve shows the corresponding second order polynomial fitted by least-
squares. Dotted line indicates sound speed at which the power is maximum.

and the Diamond Star was flown at 61 m. All recordings
were sampled at 3200 Hz. The depth of water as well as
the depth of the hydrophone is considered to be 10 m,
and the depth of the sediment hydrophone is 0.75 m.

For our analysis we let the frequency fj = ωj/2π
changes from 0.1 Hz to 1000 Hz with the step size of 0.1
Hz (10,000 individual frequencies all together). Also,
the sound speeds in the air, water, and sediment change
from 315, 1000, and 1200 m/s to 375, 2000, and 2200
m/s with the step size of 0.2, 2, and 2 m/s, respec-
tively. Then, the final sound speed estimates are ob-
tained based on the average of the individual high-power
estimates.

The results for the sound speed estimates in the air
and water for the Cessna 172SP are given in Fig. 3 (top
frames) using the strategy mentioned above. The sound
speed does not seem to be dependent on the frequency,
in agreement with the assumption that air and water
are non-dispersive media. The observed independence
of frequency gives confidence in our data processing
method. For the sediment, however, a clear reduction of
the sound speed at lower frequencies is observed (see top
frames in Fig. 4; Cessna 172SP (left) and Diamond Star
(right)). This is verified using the statistical hypothesis
testing procedure given in the next subsection.

3.2 Frequency dependent behavior

To test a possible dependence of the estimated sound
speed on the frequency, a set of polynomials will be fit-
ted to the data given at different frequencies. For this
purpose, consider the sound speeds s = [s1, ..., sm]T at
frequencies f = [f1, ..., fm]T (here m = 23). The prob-
lem now is to find the appropriate polynomial degree
using the following null and alternative hypothesis:

Ho : E(s) = Ax, versus Ha : E(s) = Ax + aixi (9)

where A is an m× n design matrix, x is the n-vector of
unknowns, and ai is an m-vector with its jth entry equal
to fj to the power i. To start, we put the degree i = 1
under the alternative hypothesis and the design matrix
A = a0 is a vector of ones—the summation vector. The

test statistic of the preceding hypotheses is given as [5]

w =
eT
0 ai

σa(aT
i P⊥

A ai)1/2
(10)

where e0 = P⊥

A s is the least-squares residuals under
the null hypothesis, P⊥

A = I − A(AT A)−1A is an or-
thogonal projector, and σ2

a = eT
a ea/(m − n − 1) is the

variance component under the alternative hypothesis
(ea = P⊥

[A ai]
s is the least-squares residuals under the

alternative hypothesis). Under Ho, the test statistic has
a t-distribution with m− n degrees of freedom, i.e.

w ∼ t(m− n) (11)

If the null hypothesis is rejected, we modify the design
matrix A← [Aai], increase i by one step, and then per-
form the same procedure for testing yet another degree
of the polynomial.

This method is now applied to the estimated sound
speeds in air, water, and sediment to evaluate their de-
pendence on the frequency. The results are given in
Figs. 3 and 4. In each figure, the test statistics as well
as their critical values (type I error α = 0.001) are given
for the first 10 polynomials (bottom frame) and the best
fit, based on the results of the hypotheses testing, is also
illustrated (top frame).

For the air and water (Fig. 3), the sound speed does
not seem to be dependent, in a linear or quadratic form,
on the frequency (the test statistic is below the critical
value). Except for a periodic-like behavior of the sound
speed (expressed by a sixth order polynomial), which
is likely due to multipath effect, the sound speed re-
mains independent of the frequency. This however does
not hold for the marine sediment. The sound speed is
best described by a second order polynomial (Fig. 4).
This therefore statistically confirms that the sediment
sound speed is indeed frequency-dependent and is well
described by a quadratic decrease at lower frequencies.

3.3 Comparison with model predictions

From Fig. 5, a variation of sound speed with frequency
can be seen. This behavior is denoted by dispersion.
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Figure 3: Sound speeds estimates (top frame) in air (left) and in water (right) as well as their best polynomial
fit (dashed line) using the results of hypothesis testing; normalized test statistics (bottom frame), i.e. ratio of test
statistics to their corresponding critical values, versus the critical value (dashed line which is set to one for normalized
statistics) to test polynomials up to degree 10; Cessna 172SP test.
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Figure 4: Sound speeds estimates (top frame) in marine sediment as well as their best polynomial fit (dashed line)
using the results of hypothesis testing, Cessna 172SP test (left) and Dimond star test (right); normalized test statistics
(bottom frame), i.e. ratio of test statistics to their corresponding critical values, versus the critical value (dashed line
which is set to one for normalized statistics) to test polynomials up to degree 10.

In [3] a model is presented for predicting the sediment
sound speed dispersion behavior as a function of sedi-
ment material properties.

The model predicts the sound speed as a function of
three parameters, i.e., c0, c∞ and fT . Here, c0 is the
sound speed at low frequencies, whereas c∞ is the lim-
iting high frequency sound speed value. The fT is the
transition frequency, which separates the low-frequency
and high-frequency domain. In [3] expressions are pre-
sented that relate these three parameters to eight geo-
technical parameters:

• Density of mineral grains ρs;

• Bulk modulus of mineral grains Kr;

• Density of pore fluid ρf ;

• Bulk modulus of pore fluid Kf ;

• Viscosity of pore fluid η;

• Porosity β;

• permeability κ;

• Tortuosity α.

Based on values for the above parameters, the model de-
scribed in [3] predicts the dispersion curve. Parameters
ρs, Kr, ρf , and Kf have the same values for all sedi-
ments, being 2650 kg/m3, 3.6 × 1010 Pa, 1000 kg/m3

and 2.25×109 Pa, respectively. Pore fluid viscosity typ-
ically has a value of 0.001 kg/ms. Porosity β can take
values ranging from 0.37 to 0.85. The permeability of
unconsolidated sediments shows a large spread, rang-
ing from 10−10 to 10−13 m2. Tortuosity typically takes
values in between 1 and 3.

The acoustic measurements, described in the pre-
vious sections, were taken in a sandy environment. For
sandy environments porosities typically take values from
40 to 50%. Figure 5 shows a comparison between
the modeled dispersion curve with the estimated sound
speeds. As mentioned above, the majority of the sedi-
ment parameters have fixed values. Porosity, permeabil-
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Figure 5: Comparison of predicted sound velocity dispersion curve (black solid line), with measured dispersion curves;
Cessna 172SP test (left), Diamond Star test (right).

ity and tortuosity, however, can differ significantly from
sediment to sediment. Here, values of 0.46 for porosity,
1 for tortuosity and 4× 10−10 m2 for permeability have
been selected to obtain a good match between model
output and measurements. A slight difference between
the model and the estimated values (Fig. 5 right) is likely
due to the errors in the parameters which were kept fixed
in the analysis.

4 Concluding remarks

This contribution presented a new method to estimate
the speed of sound in air, water, and marine sediment.
The propeller noise harmonics (of low frequency) of a
light aircraft, which exhibit a noticeable Doppler fre-
quency shift, were used to assess the role of different
sound speeds in the construction of the power spectrum
density developed in the least-squares framework. The
sound speed that maximizes the power spectrum is con-
sidered to be an estimate for the sound speed in the
medium. The method can provide a sound speed for
each of the propeller harmonics.

Statistical tests confirm that the sound speed in the
marine sediment is dependent on the frequency; a re-
duction at lower frequencies is clearly observed. These
findings also confirm the dispersions predicted from the
theoretical models. The method needs to be tested on
different data sets to see whether indeed such behavior
start to stand out. Also, the future work should con-
sider the other theoretical approaches such as the grain-
shearing theory presented recently by [6], which is more
appropriate for marine sediments.

The absolute values of the estimates for the sound
speeds depend mainly on the correct values of the argu-
ments involved. Here, the parameters v, h1, h2, and h3

were kept fixed. There however exist approximate values
for these parameters. In future experiments, we recom-
mend to measure them as precise as possible. Perhaps
GPS geodetic receivers can be employed to measure the
position (and also the velocity) of the aircraft with a
centimeter level of precision in a differential mode.
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